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MORIN SINGULARITIES OF COFRAMES AND FRAMES
CAMILA M. RUIZ
Abstract. Inspired by the properties of an n-frame of gradients
(∇f1, . . . ,∇fn) of a Morin map f : M → Rn, with dimM ≥ n, we intro-
duce the notion of Morin singularities in the context of singular n-coframes
and singular n-frames. We also study the singularities of generic 1-forms as-
sociated to a Morin n-coframe, in order to generalize a result of T. Fukuda
[4, Theorem 1], which establishes a modulo 2 congruence between the Euler
characteristic of a compact manifold M and the Euler characteristics of the
singular sets of a Morin map defined on M , to the case of Morin n-coframes
and Morin n-frames.
1. Introduction
Morin maps are maps that only admit Morin singularities. It is well known that
these singularities are stable, and conversely, that stable map-germs which have
corank 1 are Morin singularities. Therefore, Morin singularities are fundamental
and frequently arise as singularities of maps from one manifold to another, as
observed by K. Saji in [12]. Morin singularities have been studied by many authors
in different contexts as [7, 1, 4, 10, 11], and more recently [6, 15, 18, 5, 2, 12, 14,
13, 9]. In particular, papers of J.M. Èliašberg [3], J.R. Quine [8], T. Fukuda [4],
O. Saeki [10] and N. Dutertre and T. Fukui [2] investigate relations between the
topology of a manifold and the topology of the critical locus of maps with Morin
singularities.
Let f : Mm → Rn be a smooth Morin map defined on an m-dimensional Rie-
mannian manifold M , with m ≥ n. The singular points of f = (f1, . . . , fn) are the
points x ∈ M , such that the rank of the derivative df(x) is equal to n − 1. Then,
taking the gradient of each coordinate function f1, . . . , fn, we obtain a singular
n-frame (∇f1(x), . . . ,∇fn(x)) defined on M whose singular locus Σ is given by
Σ = {x ∈M | rank(∇f1(x), . . . ,∇fn(x)) = n− 1}.
It is well known that the singular sets of f , Ak(f) and Ak(f) (k = 1, . . . , n− 1),
are submanifolds of M of dimension n− k, such that Ak(f) = ∪i≥kAi(f) and
rank df|
Ak(f)
(x) =
{
n− k, if x ∈ Ak(f);
n− k − 1, if x ∈ Ak+1(f);
(see [4], [7], [10] for Morin singularities). This means that the intersection of the
vector space spanned by ∇f1(x), . . . ,∇fn(x) with the normal space to Ak(f) at x
is a subspace of dimension:
dim(〈∇f1(x), . . . ,∇fn(x)〉 ∩NxAk(f)) =
{
k − 1, if x ∈ Ak(f);
k, if x ∈ Ak+1(f).
In particular, if x ∈ Ak(f) then 〈∇f1(x), . . . ,∇fn(x)〉 ⋔ NxAk(f).
Furthermore, if x ∈ Ak+1(f) and {z1(x), . . . , zn−k−1(x)} is a basis of a vector
space supplementary to 〈∇f1(x), . . . ,∇fn(x)〉 ∩NxAk(f) in 〈∇f1(x), . . . ,∇fn(x)〉
1
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then
dim(〈z1(x), . . . , zn−k−1(x)〉 ∩NxAk+1(f)) =
{
0, if x ∈ Ak+1(f);
1, if x ∈ Ak+2(f).
Based on properties of an n-frame of gradients (∇f1, . . . ,∇fn) of a Morin map
f , in this paper we introduce the notion of Morin singular points of type Ak in
the context of singular n-frames that are not necessarily gradients (Definition 2.7)
and n-coframes that are not necessarily differentials (Definition 2.6). To do this,
in Section 2 we consider an n-coframe ω = (ω1, . . . , ωn) with corank 1 (Definition
2.1) defined on a smooth m-dimensional manifold M , with m ≥ n, and we proceed
by induction on k, for k = 1, . . . , n, in order to define Morin singular sets Σk(ω)
and Ak(ω) (Definitions 2.2, 2.4 and 2.5). We will say that ω is a Morin n-coframe
(Definition 2.6) if it admits only Morin singular points, that is, if each singular point
x ∈M of ω belongs to Ak(ω), for some k = 1, . . . , n (see Remark 2.2). In particular,
we show that the Morin singular sets Ak(ω) and Σk(ω) = Ak(ω) (k = 1, . . . , n) are
smooth submanifolds of M of dimension n − k (Lemmas 2.2 and 2.5), such that
Ak(ω) = ∪i≥kAi(f) (Remark 2.1) and in Lemmas 2.7 and 4.5 we exhibit equations
that define locally the singular sets Σk(ω).
The definition of Morin singularities for n-coframes can be analogously adapted
to n-frames as follows. When considering a smooth manifoldM , differential 1-forms
are naturally dual to vector fields, more specifically, if we fix a Riemannian metric
onM then there exists an isomorphism between the tangent and cotangent bundles
of M, so that vector fields and 1-forms can be identified. To illustrate this notion,
we give some examples of Morin n-frames in the end of Section 2.
Let L ∈ RPn−1 be a straight line in Rn and let πL : Rn → L be the orthogonal
projection to L. In [4], T. Fukuda applied Morse theory and well known properties
of singular sets Ak(f) of a Morin map f : M → Rn to study the critical points of
mappings πL ◦ f : M → L and their restrictions to the singular sets πL ◦ f |Ak(f)
and πL ◦ f |Ak(f). Similarly, in Sections 3 and 4 of this paper, we investigate the
zeros of a generic 1-form
ξ(x) =
n∑
i=1
aiωi(x)
associated to a Morin n-coframe ω = (ω1, . . . , ωn) and we verify that ξ, ξ|Ak(ω) and
ξ|
Ak(ω)
have properties that are analogous to the properties of the generic orthogonal
projections πL ◦ f(x) associated to a Morin map f = (f1, . . . , fn) and of their
restrictions. More precisely, let a = (a1, . . . , an) ∈ Rn\{~0} and let ω = (ω1, . . . , ωn)
be a Morin n-coframe defined on a manifoldM , in Section 3 we prove that if p ∈M
is a zero of ξ(x) =
∑n
i=1 aiωi(x) then p ∈ Σ1(ω) and p is a zero of ξ|Σ1(ω) (Lemma
3.1). In Lemma 3.2, we show that, for k = 0, . . . , n− 2, if p ∈ Ak+1(ω) then p is a
zero of ξ|
Σk+1(ω)
if and only if p is a zero of ξ|
Σk(ω)
. And, in Lemma 3.3 we verify that
if p ∈ An(ω) then p is a zero of the restriction ξ|Σn−1(ω) . Let Z(ξ|Σk(ω)) be the zero
set of the restriction of the 1-form ξ to Σk(ω), we also prove in Lemmas 3.5 and 3.6
that for almost every a ∈ Rn \ {~0}, Z(ξ|
Σk(ω)
) ∩ Σk+2(ω) = ∅, for k = 0, . . . , n− 2.
In Section 4, in Lemmas 4.6, 4.7, 4.8 and 4.12, we prove that generically the
1-form ξ(x) and its restrictions ξ|
Σk(ω)
and ξ|Ak(ω) admit only non-degenerate zeros.
We also show that, for k = 0, . . . , n−2, if p ∈ Ak+1(ω) is a zero of ξ|
Σk+1(ω)
then, for
almost every a ∈ Rn \ {~0}, p is a non-degenerate zero of ξ|
Σk+1(ω)
if and only if p is
a non-degenerate zero of ξ|
Σk(ω)
(Lemmas 4.9 and 4.10). Finally, in Lemma 4.11 we
verify that, for almost every a ∈ Rn \ {~0}, if p ∈ An(ω) then p is a non-degenerate
zero of ξ|Σn−1(ω) .
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As a consequence of these results, we obtain a generalization of Fukuda’s The-
orem [4, Theorem 1] for the case of Morin n-coframes (Theorem 4.1). More
precisely, we prove in Theorem 4.1 that if ω = (ω1, . . . , ωn) is a Morin n-coframe
defined on an m-dimensional compact manifold M then
χ(M) ≡
n∑
k=1
χ(Ak(ω)) mod 2,
where χ(M) denotes the Euler characteristic of M . We end the paper with this
generalized theorem, whose proof uses the classical Poincaré-Hopf Theorem for 1-
forms.
The author would like to express her sincere gratitude to Nicolas Dutertre and
Nivaldo de Góes Grulha Júnior for fruitful discussions and valuable comments that
resulted in this work. The author was supported by CNPq, "Conselho Nacional
de Desenvolvimento Científico e Tecnológico", Brazil (grants 143479/2011-3 and
209531/2014-2).
2. The Morin n-coframes
LetM be a smooth manifold of dimensionm and ω = (ω1, . . . , ωn) be a (singular)
n-coframe, that is, a set of n smooth 1-forms defined on M , with m ≥ n:
ω : M → T ∗Mn
x 7→ (x, ω1(x), · · · , ωn(x))
where T ∗Mn = {(x, ϕ1, . . . , ϕn) | x ∈ M ; ϕi ∈ T ∗xM, i = 1, . . . , n} is the “n-
cotangent bundle” of M . Note that T ∗Mn is a smooth manifold of dimension
m(n+1), because it is locally diffeomorphic to U ×Mm,n(R), where U ⊂ Rm is an
open set and Mm,n(R) denotes the space of matrices of dimension m× n with real
coefficients.
Lemma 2.1. Let T ∗Mn,n−1 ⊂ T ∗Mn be the subset defined by
T ∗Mn,n−1 = {(x, ϕ1, . . . , ϕn) ∈ T ∗Mn | rank(ϕ1, . . . , ϕn) = n− 1} .
Then T ∗Mn,n−1 is a submanifold of T ∗Mn of dimension n(m+ 1)− 1.
Proof. LetMn−1m,n (R) be the submanifold ofMm,n(R) of codimensionm−n+1 given
by the matrices of rank n− 1 in Mm,n(R), then T ∗Mn,n−1 is locally diffeomorphic
to U×Mn−1m,n (R), for some open subset U ⊂ Rm. Hence, T ∗Mn,n−1 is a submanifold
of T ∗Mn and dim(T ∗Mn,n−1) = n(m+ 1)− 1. 
Definition 2.1. We say that ω = (ω1, . . . , ωn) has corank1 if the following prop-
erties hold:
(a) ω ⋔ T ∗Mn,n−1 in T ∗Mn;
(b) ω−1(T ∗Mn,≤n−2) = ∅;
where T ∗Mn,≤n−2 = {(x, ϕ1, . . . , ϕn) ∈ T ∗Mn | rank(ϕ1, . . . , ϕn) ≤ n− 2}.
Note that by Definition 2.1, if an n-coframe ω = (ω1, . . . , ωn) has corank 1 then,
for each x ∈M , rank(ω1(x), . . . , ωn(x)) is either equal to n or equal to n− 1.
Definition 2.2. Let ω = (ω1, . . . , ωn) be an n-coframe with corank 1. The singular
set of ω, Σ1(ω), is the set of points x ∈ M at which the rank is not maximal, that
is
Σ1(ω) = {x ∈M | rank(ω1(x), . . . , ωn(x)) = n− 1}.
Lemma 2.2. If ω is an n-coframe with corank1 then Σ1(ω) is either the empty
set or a submanifold of M of dimension n− 1.
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Proof. Note that Σ1(ω) = ω−1(T ∗Mn,n−1) and that ω ⋔ T ∗Mn,n−1. Thus, if
Σ1(ω) 6= ∅ then Σ1(ω) is a submanifold of M of codimension m − n + 1, that is,
dim(Σ1(ω)) = n− 1. 
Let ω = (ω1, . . . , ωn) : M → T ∗Mn be an n-coframe with corank1 defined on
an m-dimensional smooth manifold M . Next, we will define the subsets Ak(ω)
and Σk+1(ω) of M , for k = 1, . . . , n. To do this we will proceed by induction on k
starting from the definition of the singular set Σ1(ω) .
Notation. Let us denote by Σ0(ω) the manifold M and by N∗xΣ
0(ω) = {0} the
set that contains only the null 1-form of T ∗xM . Moreover, if S ⊂ M is a smooth
submanifold of M , let us denote by N∗xS the set N
∗
xS = {ψ ∈ T ∗xM |ψ(TxS) = 0}.
We know that Σ1(ω) = {x ∈ Σ0(ω) | rank(ω1(x), . . . , ωn(x)) = n − 1} and that
dim(Σ1(ω)) = n− 1. In particular,
p ∈ Σ1(ω)⇒ dim(〈ω1(p), . . . , ωn(p)〉 ∩N∗pΣ0(ω)) = 0,
where 〈ω1(p), . . . , ωn(p)〉 is the vector subspace of T ∗pM spanned by the 1-forms
ω1(p), . . . , ωn(p).
Let us suppose that Σi(ω) is defined for i = 1, . . . , k−1 so that Σi(ω) is a smooth
submanifold of M of dimension n− i, Σi(ω) ⊂ Σi−1(ω) and, for i = 2, . . . , k − 1,
p ∈ Σi(ω)⇔ dim(〈ω1(p), . . . , ωn(p)〉 ∩N∗pΣi−1(ω)) = i− 1,
where Σi(ω) is locally given by
U ∩ Σi(ω) = {x ∈ U |F1(x) = . . . = Fm−n+i(x) = 0}
and
U ∩Σi−1(ω) = {x ∈ U |F1(x) = . . . = Fm−n+i−1(x) = 0},
for some open neighborhood U ⊂ M and smooth functions Fi : U → R whose
derivatives dFi(x) ∈ T ∗xM are linearly independent for each x ∈ Σi(ω) ∩ U . Also,
N∗xΣ
i−1(ω) is the vector subspace of T ∗xM spanned by these derivatives, that is,
N∗xΣ
i−1(ω) = 〈dF1(x), . . . , dFm−n+i−1(x)〉.
We set r = n − k + 1 and (x, ϕ) = (x, ϕ1, . . . , ϕr). In order to define Σk(ω) we
first consider:
T ∗Σk−1M
r = {(x, ϕ) | x ∈ Σk−1(ω);ϕ1, . . . , ϕr ∈ T ∗xM}
and
N∗Σk−1M
r = {(x, ϕ) ∈ T ∗Σk−1M r | rank(ϕ1, . . . , ϕr) = r,
dim(〈ϕ1, . . . , ϕr〉 ∩N∗xΣk−1(ω)) = 1}.
Lemma 2.3. T ∗Σk−1M
r is a smooth manifold of dimension mr + r.
Proof. By the induction hypothesis, Σk−1(ω) is a smooth submanifold of M of
dimension r. Then, there exists an open subset V ⊂ Rr so that T ∗Σk−1M r is
locally diffeomorphic to V ×Mm,r(R). Thus, T ∗Σk−1M r is a smooth manifold and
dim(T ∗Σk−1M
r) = mr + r. 
Lemma 2.4. N∗Σk−1M
r is a hypersurface of T ∗Σk−1M
r, that is, a submanifold of
dimension mr + r − 1.
Proof. By the induction hypothesis, for each p ∈ Σk−1(ω), there exist an open
neighborhood U ⊂M of p and functions F1, . . . , Fm−r : U → R such that
U ∩Σk−1(ω) = {x ∈ U | F1(x) = . . . = Fm−r(x) = 0}
with rank(dF1(x), . . . , dFm−r(x)) = m− r, for each x ∈ Σk−1(ω) ∩ U .
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If (p, ϕ˜) ∈ N∗Σk−1M r then rank(ϕ˜1, . . . , ϕ˜r) = r and
rank(ϕ˜1, . . . , ϕ˜r, dF1(p), . . . , dFm−r(p)) = m− 1
since N∗pΣ
k−1(ω) = 〈dF1(p), . . . , dFm−r(p)〉. Thus,
det(dF1(p), . . . , dFm−r(p), ϕ˜1, . . . , ϕ˜r) = 0
and fixing the notation ϕ˜i = (ϕ˜1i , . . . , ϕ˜
m
i ) for i = 1, . . . , r, we can suppose without
loss of generality that∣∣∣∣∣∣∣∣∣∣∣∣
∂F1
∂x1
(p) · · · ∂Fm−r
∂x1
(p) ϕ˜11 · · · ϕ˜1r−1
...
. . .
...
...
. . .
...
∂F1
∂xm−1
(p) · · · ∂Fm−r
∂xm−1
(p) ϕ˜m−11 · · · ϕ˜m−1r−1
∣∣∣∣∣∣∣∣∣∣∣∣
6= 0
and consequently, that
(1)
∣∣∣∣∣∣∣∣∣∣∣∣
∂F1
∂x1
(x) · · · ∂Fm−r
∂x1
(x) ϕ11 · · · ϕ1r−1
...
. . .
...
...
. . .
...
∂F1
∂xm−1
(x) · · · ∂Fm−r
∂xm−1
(x) ϕm−11 · · · ϕm−1r−1
∣∣∣∣∣∣∣∣∣∣∣∣
6= 0
for all (x, ϕ) ∈ (Σk−1(ω) ∩ U) × V , where V ⊂ Rmr is an open subset. Thus,
N∗Σk−1M
r can be locally defined by
(2) N∗Σk−1M
r = {(x, ϕ) ∈ U × V | F1 = . . . = Fm−r = ∆ = 0},
where ∆(x, ϕ) = det(dF1(x), . . . , dFm−r(x), ϕ1, . . . , ϕr).
Let B(x, ϕ) be the square matrix of order m whose columns are given by the
coefficients of the 1-forms dF1(x), . . ., dFm−r(x), ϕ1, . . ., ϕr:
B(x, ϕ) =
(
dF1(x) · · · dFm−r(x) ϕ1 · · · ϕr
)
.
We have,
∆(x, ϕ) =
m∑
i=1
ϕir cof(ϕ
i
r, B),
where cof(ϕir , B) denotes the cofactor of ϕ
i
r in the matrix B(x, ϕ) so that
∂∆
∂ϕmr
(x, ϕ) =
m∑
i=1
cof(ϕir, B)
∂ϕir
∂ϕmr
+ ϕir
∂ cof(ϕir, B)
∂ϕmr
and since cof(ϕir, B) does not depend on the variable ϕ
m
r ,
∂ cof(ϕir , B)
∂ϕmr
= 0, for i = 1, . . . ,m.
Then,
∂∆
∂ϕmr
(x, ϕ) = cof(ϕmr , B)
(1)
6= 0,
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and the derivative of∆(x, ϕ) with respect to ϕ does not vanish, that is, dϕ∆(x, ϕ) 6=
0 and the matrix

dF1(x)
...
dFm−r(x)
d∆(x, ϕ)


=


dxF1(x)
...
...
... O(m−r)×(r)
dxFm−r(x)
...
· · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · ·
dx∆(x, ϕ)
... dϕ∆(x, ϕ)


has rank m− r + 1, where O(m−r)×(r) denotes a null matrix. Hence,
rank(dF1(x), . . . , dFm−r(x), d∆(x, ϕ)) = m− r + 1,
for each (x, ϕ) ∈ N∗Σk−1M r ∩ (U × V) and, therefore, N∗Σk−1M r is a smooth sub-
manifold of T ∗Σk−1M
r of dimension m+mr − (m− r + 1) = mr + r − 1. 
By the induction hypothesis, we have that for each p ∈ Σk−1(ω),
dim(〈ω1(p), . . . , ωn(p)〉 ∩N∗pΣk−2(ω)) = k − 2
and there exist an open neighborhood U ⊂ M of p and functions F1, . . . , Fm−r :
U → R such that U ∩ Σk−1(ω) = {x ∈ U | F1(x) = . . . = Fm−r(x) = 0} with
rank(dF1(x), . . . , dFm−r(x)) = m − r, for each x ∈ Σk−1(ω) ∩ U . Then, we can
choose {Ω1(x), . . . ,Ωr(x)} a smooth r-coframe defined on U which restriction to
U ∩Σk−1(ω) is a smooth basis of a vector subspace supplementary to
(3) 〈ω1(x), . . . , ωn(x)〉 ∩N∗xΣk−2(ω)
in 〈ω1(x), . . . , ωn(x)〉. Let Ωk−1 : Σk−1(ω) ∩ U → T ∗Σk−1M r be the map given by
Ωk−1(x) = (x,Ω1(x), . . . ,Ωr(x)), we define:
Definition 2.3. We say that the n-coframe ω = (ω1, . . . , ωn) satisfies the “inter-
section properties Ik”, if for each p ∈ Σk−1(ω) there exist an open neighborhood
U ⊂ M of p and a map Ωk−1 : Σk−1(ω) ∩ U → T ∗Σk−1M r as defined above, such
that on U the following properties hold:
(a) Ωk−1 ⋔ N∗Σk−1M
r in T ∗Σk−1M
r;
(b) (Ωk−1)−1(N∗Σk−1M
r,≥2) = ∅;
where N∗Σk−1M
r,≥2 = {(x, ϕ) ∈ T ∗Σk−1M
r | rank(ϕ1, . . . , ϕr) = r,dim(〈ϕ1, . . . , ϕr〉 ∩
N∗xΣ
k−1(ω)) ≥ 2}.
Note that, if the n-coframe ω satisfies the properties Ik (a) and (b) then, for
each x ∈ Σk−1(ω)∩U , dim(〈Ω1(x), . . . ,Ωr(x)〉∩N∗xΣk−1(ω)) is either equal to 0 or
equal to 1.
Definition 2.4. Let ω be an n-coframe with corank1 that satisfies the intersection
properties Ik (a) and (b). We say that a point x ∈ Σk−1(ω) belongs to Ak−1(ω) if
dim(〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω)) = 0;
and we say that x belongs to Σk(ω) if x ∈ Σk−1(ω) \Ak−1(ω), that is, if
dim(〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω)) = 1.
Therefore,
Ak−1(ω) = {x ∈ Σk−1(ω)| dim(〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω)) = 0};
Σk(ω) = {x ∈ Σk−1(ω)| dim(〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω)) = 1}.
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Definition 2.5. Let ω be an n-coframe with corank1 that satisfies the intersection
properties Ik (a) and (b). We say that a point x ∈ M is a Morin singular point of
type Ak of the n-coframe ω if x ∈ Ak(ω).
Lemma 2.5. By Definition 2.3, Σk(ω) is either the empty set or a smooth sub-
manifold of M of dimension n− k .
Proof. Note that, locally, Σk(ω) = (Ωk−1)−1(N∗Σk−1M
r) and Ωk−1 ⋔ N∗Σk−1M
r,
thus, if Σk(ω) 6= ∅ then Σk(ω) is a smooth submanifold of Σk−1(ω) of codimension
1, that is, dim(Σk(ω)) = n− k. 
Lemma 2.6. If p ∈ Σk(ω) then dim(〈ω1(p), . . . , ωn(p)〉 ∩N∗pΣk−1(ω)) = k − 1.
Proof. For clearer notations, let us write 〈ω¯(x)〉 = 〈ω1(x), . . . , ωn(x)〉 and
〈Ω¯k−1(x)〉 = 〈Ω1(x), . . . ,Ωr(x)〉. Let p ∈ Σk(ω), since Σk(ω) ⊂ Σk−1(ω) ⊂
Σk−2(ω), there exist an open neighborhood U ⊂ M of p and functions
F1, . . . , Fm−n+k : U → R such that the submanifolds Σi(ω), i = k − 2, k − 1, k,
can be locally defined by
U ∩Σi(ω) = {x ∈ U |F1(x) = . . . = Fm−n+i(x) = 0},
where the derivatives {dF1(x), . . . , dFm−n+i(x)} are 1-forms linearly independent
for each x ∈ Σi(ω) ∩ U and N∗xΣi(ω) = 〈dF1(x), . . . , dFm−n+i(x)〉.
By the way the r-coframe {Ω1(x), . . . ,Ωr(x)} has been chosen, for each x ∈
Σk−1(ω) ∩ U we have
〈ω¯(x)〉 = (〈ω¯(x)〉 ∩N∗xΣk−2(ω))⊕ 〈Ω¯k−1(x)〉,
and since N∗xΣ
k−2(ω) ⊂ N∗xΣk−1(ω), 〈ω¯(x)〉 ∩N∗xΣk−1(ω) is equal to
(〈ω¯(x)〉 ∩N∗xΣk−2(ω))⊕ (〈Ω¯k−1(x)〉 ∩N∗xΣk−1(ω)).
Since p ∈ Σk(ω) ⊂ Σk−1(ω), we know that dim(〈ω¯(p)〉 ∩ N∗pΣk−2(ω)) = k − 2
and by the definition of Σk(ω), dim(〈Ω¯k−1(p)〉 ∩ N∗pΣk−1(ω)) = 1. Therefore,
dim(〈ω¯(p)〉 ∩N∗pΣk−1(ω)) = (k − 2) + 1 = k − 1. 
Next, we will show that Definitions 2.3 and 2.4 do not depend on the choice of
the basis {Ω1(x), . . . ,Ωr(x)}. To do this, first we must find equations that define
the manifold Σk(ω) locally.
Lemma 2.7. Let p ∈ Σk−1(ω). There are an open neighborhood U ⊂ M of p and
functions Fi : U → R, i = 1, . . . ,m− r, such that
U ∩ Σk−1(ω) = {x ∈ U |F1(x) = . . . = Fm−r(x) = 0},
and a smooth r-coframe defined on U {Ω1(x), . . . ,Ωr(x)} which is a basis of a vector
subspace supplementary to 〈ω¯(x)〉∩N∗xΣk−2(ω) in 〈ω¯(x)〉 for each x ∈ U∩Σk−1(ω).
Let
∆k(x) = det(dF1, . . . , dFm−r,Ω1, . . . ,Ωr)(x).
Then ω satisfies the intersection properties Ik on U if and only if the following
properties hold:
(i) dim〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω) = 0 or 1 for x ∈ U ∩ Σk−1(ω);
(ii) if dim〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω) = 1 (or equivalently ∆k(x) = 0), then
rank(dF1(x), . . . , dFm−r(x), d∆k(x)) = m− r + 1.
In this case, U ∩Σk(ω) = {x ∈ U |F1(x) = . . . = Fm−r(x) = ∆k(x) = 0}.
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Proof. First, let us show that for each x¯ ∈ U ∩ Σk(ω),
rank (dF1(x¯), . . . , dFm−r(x¯), d∆k(x¯))
is equal to m− r + 1 if and only if Ωk−1 ⋔ N∗Σk−1M r in T ∗Σk−1M r at x¯.
By Lemma 2.4, N∗Σk−1M
r can be locally defined by
N∗Σk−1M
r = {(x, ϕ) ∈ U × V|F1 = . . . = Fm−r = ∆ = 0},
where ∆(x, ϕ) = det(dF1(x), . . . , dFm−r(x), ϕ1, . . . , ϕr) and V ⊂ Rmr. Let
G(Ωk−1) = {(x,Ω1(x), . . . ,Ωr(x)) | x ∈ U ∩ Σk−1(ω)}
be the restriction of the graph of (Ω1(x), . . . ,Ωr(x)) to U ∩ Σk−1(ω), G(Ωk−1) can
be locally defined by
G(Ωk−1) = {(x, ϕ) ∈ T ∗M r | F1(x) = . . . = Fm−r(x) = 0;
Ωji (x)− ϕji = 0, i = 1, . . . , r and j = 1, . . . ,m},
where T ∗M r denotes the r-cotangent bundle ofM , Ωi(x) = (Ω1i (x), . . . ,Ω
m
i (x)) and
ϕi = (ϕ
1
i , . . . , ϕ
m
i ) for i = 1, . . . , r. In particular, the local equations of G(Ω
k−1)
are clearly independent and dimG(Ωk−1) = r. Let (x, ϕ) be local coordinates in
T ∗M r, with x = (x1, . . . , xm) and
ϕ = (ϕ11, . . . , ϕ
m
1 , ϕ
1
2, . . . , ϕ
m
2 , . . . , ϕ
1
r, . . . , ϕ
m
r ),
let us consider the derivatives of the local equations of N∗Σk−1M
r and G(Ωk−1) with
respect to (x, ϕ). We will denote the derivative with respect to x by dx and the
derivative with respect to ϕ by dϕ, then we have
(4) d
(
Ωji (x)− ϕji
)
=
(
dxΩ
j
i (x) ,−dϕϕji
)
,
for i = 1, . . . , r and j = 1, . . . ,m, where dϕϕ
j
i = (0, . . . , 0, 1, 0, . . . , 0) is the vector
whose m(i−1)+jth entry is equal to 1 and the others are zero. By Lagrange’s rules
the determinant ∆(x, ϕ) = det(dF1(x), . . . , dFm−r(x), ϕ1, . . . , ϕr) can be written as
∆(x, ϕ) =
∑
I
FI(x)NI(ϕ)
for I = {i1, . . . , ir} ⊂ {1, . . . ,m}, where
(5) NI(ϕ) =
∣∣∣∣∣∣∣
ϕi11 . . . ϕ
i1
r
...
. . .
...
ϕir1 . . . ϕ
ir
r
∣∣∣∣∣∣∣
is the minor obtained from the matrix
 ϕ
1
1 . . . ϕ
1
r
...
. . .
...
ϕm1 . . . ϕ
m
r


taking the lines i1, . . . , ir, and
(6) FI(x) = ±
∣∣∣∣∣∣∣∣∣∣∣
∂F1
∂xk1
(x) . . .
∂Fm−r
∂xk1
(x)
...
. . .
...
∂F1
∂xkm−r
(x) . . .
∂Fm−r
∂xkm−r
(x)
∣∣∣∣∣∣∣∣∣∣∣
is, up to sign, the minor obtained from the matrix (dF1(x) . . . dFm−r(x)) removing
the lines i1, . . . , ir, that is, {k1, . . . , km−r} = {1, . . . ,m} \ I. Therefore,
d∆(x, ϕ) = (
∑
I
NI(ϕ)dxFI(x) ,
∑
I
FI(x)dϕNI(ϕ) ).
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Note that Ωk−1 ⋔ N∗Σk−1M
r in T ∗Σk−1M
r at the point x ∈ U ∩ Σk−1(ω) if and
only if G(Ωk−1) ⋔ N∗Σk−1M
r in T ∗Σk−1M
r at (x,Ωk−1(x)). Let π1 be the projection
of the contangent space of T ∗M r over the contangent space of T ∗Σk−1M
r:
π1 : T
∗
(x,ϕ)(T
∗M r) −→ T ∗(x,ϕ)(T ∗Σk−1M r)
(ψ(x), ϕ1, . . . , ϕr) 7−→ (π(ψ(x)), ϕ1, . . . , ϕr)
where π denotes the restriction to TxΣk−1(ω), that is, π(ψ(x)) = ψ(x)|
TxΣk−1(ω)
.
By Equation (4),
π1
(
d(Ωji (x)− ϕji )
)
=
(
π(dxΩ
j
i (x)) ,−dϕϕji
)
,
for i = 1, . . . , r and j = 1, . . . ,m. We also have that
π1 (d∆(x, ϕ)) =
(
π
(∑
I
NI(ϕ)dxFI(x)
)
,
∑
I
FI(x)dϕNI(ϕ)
)
.
Then, G(Ωk−1) ⋔ N∗Σk−1M
r in T ∗Σk−1M
r at (x,Ωk−1(x)) if and only if the matrix
(7)


π(dxΩ
1
1(x))
...
...
...
π(dxΩ
m
1 (x))
... −Idmr
...
...
π(dxΩ
m
r (x))
...
· · · · · · · · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · ·
π
(∑
I
NI(ϕ)dxFI(x)
)
...
∑
I
FI(x)dϕNI(ϕ)


has maximal rank at x. By the expression of NI(ϕ) in (5), we have
(8) dϕNI(ϕ) =
∑
i,j
cof(ϕji )dϕϕ
j
i ,
for i = 1, . . . , r, j ∈ I and cof(ϕji ) denoting the cofactor of ϕji in the matrix
 ϕ
i1
1 . . . ϕ
i1
r
...
. . .
...
ϕir1 . . . ϕ
ir
r

 .
Let d = Cm,r =
m!
r!(m − r)! , we will denote by I1, . . . , Id the subsets of {1, . . . ,m}
containing exactly r elements. By equation (8),
∑
I
FI(x)dϕNI(ϕ) =
d∑
ℓ=1
FIℓ(x)

 r∑
i=1
∑
j∈Iℓ
cof(ϕji )dϕϕ
j
i


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and,
d∑
ℓ=1
FIℓ(x)

 r∑
i=1
∑
j∈Iℓ
cof(ϕji )dϕϕ
j
i


=
r∑
i=1

FI1(x)

∑
j∈I1
cof(ϕji )dϕϕ
j
i

+ . . .+ FId(x)

∑
j∈Id
cof(ϕji )dϕϕ
j
i




=
r∑
i=1
[( ∑
I: 1∈I
FI(x)
)
cof(ϕ1i )dϕϕ
1
i + . . .+
( ∑
I:m∈I
FI(x)
)
cof(ϕmi )dϕϕ
m
i
]
=
r∑
i=1

 m∑
j=1

∑
I: j∈I
FI(x)

 cof(ϕji )dϕϕji

 .
Thus, for i = 1, . . . , r and j = 1, . . . ,m, we can write
(9)
∑
I
FI(x)dϕNI(ϕ) =
∑
i,j
βji (x, ϕ)dϕϕ
j
i ,
where
βji (x, ϕ) =

∑
I: j∈I
FI(x)

 cof(ϕji ).
We will denote the rows of the Matrix (7) by Rji =
(
π(dxΩ
j
i (x)) ,−dϕϕji
)
, for
i = 1, . . . , r and j = 1, . . . ,m, and we denote the last row of the Matrix (7) by R∆.
Replacing the row R∆ by
R∆ +
∑
i,j
βji (x, ϕ)R
j
i
for i = 1, . . . , r and j = 1, . . . ,m, we obtain a new matrix
(10)


π(dxΩ
1
1(x))
...
...
... −Idmr
π(dxΩ
m
r (x))
...
· · · · · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · ·
R′∆
... R′′∆


which has rank equal to the rank of the Matrix (7), where
R′′∆ =
∑
I
FI(x)dϕNI(ϕ) +
∑
i,j
βji (x, ϕ)(−dϕϕji )
(9)
= ~0
and
R′∆ = π
(∑
I
NI(ϕ)dxFI(x)
)
+
∑
i,j
βji (x, ϕ)π
(
dxΩ
j
i (x)
)
= π

∑
I
NI(ϕ)dxFI(x) +
∑
i,j
βji (x, ϕ)dxΩ
j
i (x)

 .
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Note that for each x¯ ∈ U ∩ Σk(ω), we have Ωji (x¯) = ϕji . In this case, Equation (9)
implies that∑
i,j
βji (x¯, ϕ)dxΩ
j
i (x¯) =
∑
i,j
βji (x¯,Ω
k−1(x¯))dxΩ
j
i (x¯) =
∑
I
FI(x¯)dxNI(Ω
k−1(x¯)).
Thus, at x¯
R′∆ = π
(∑
I
NI(Ω
k−1(x¯))dxFI(x¯) +
∑
I
FI(x¯)dxNI(Ω
k−1(x¯))
)
= π(d∆k(x¯))
and the Matrix (10) is equal to

π(dxΩ
1
1(x¯))
...
...
... −Idmr
π(dxΩ
m
r (x¯))
...
· · · · · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · ·
π(d∆k(x¯))
... ~0


.
Thus, for each x¯ ∈ U ∩ Σk(ω), Ωk−1 ⋔ N∗Σk−1M r in T ∗Σk−1M r at x¯ if and
only if π(d∆k(x¯)) 6= 0, that is, the restriction of d∆k(x¯) to Tx¯Σk−1(ω) is
not zero, which means that d∆k(x¯) /∈ 〈dF1(x¯), . . . , dFm−r(x¯)〉, or equivalently
rank (dF1(x¯), . . . , dFm−r(x¯), d∆k(x¯)) = m− r + 1.
Now suppose that ω satisfies the intersection properties Ik on U . By property (b)
of Definition 2.3, we have that dim〈Ω1(x), . . . ,Ωr(x)〉 ∩N∗xΣk−1(ω) is either equal
to 0 or equal to 1 for x ∈ U ∩Σk−1(ω). If dim〈Ω1(x), . . . ,Ωr(x)〉∩N∗xΣk−1(ω) = 1,
then ∆k(x) = 0 and x ∈ U∩Σk(ω). In this case, the tranversality given by property
(a) of Definition 2.3 implies that rank (dF1(x), . . . , dFm−r(x), d∆k(x)) = m− r+1.
On the other hand, we assume that properties (i) and (ii) hold for each
x ∈ U ∩ Σk−1(ω). By property (i), the intersection property (b) of Defini-
tion 2.3 holds on U . If dim〈Ω1(x), . . . ,Ωr(x)〉 ∩ N∗xΣk−1(ω) = 0 then Ωk−1(x)
does not intersect N∗Σk−1M
r, thus Ωk−1 ⋔ N∗Σk−1M
r in T ∗Σk−1M
r at x. If
dim〈Ω1(x), . . . ,Ωr(x)〉 ∩ N∗xΣk−1(ω) = 1 then x ∈ U ∩ Σk(ω) by Definition 2.4
and rank (dF1(x), . . . , dFm−r(x), d∆k(x)) = m − r + 1 by property (ii). Thus
Ωk−1 ⋔ N∗Σk−1M
r in T ∗Σk−1M
r at x and ω satisfies the intersection properties Ik on
U .
Finally, if ω satisfies the intersection properties Ik on U , it follows by Definition
2.4 that U ∩ Σk(ω) = {x ∈ U |F1(x) = . . . = Fm−r(x) = ∆k(x) = 0}. 
The following technical lemma will be used in the proof of Lemma 2.9.
Lemma 2.8. Let fi : V ⊂ Rℓ → R, i = 1, . . . , s be smooth functions defined on an
open neighborhood of Rℓ. Let M ⊂ Rℓ be a manifold given locally by M = {x ∈
V|f1(x) = . . . = fs(x) = 0}, with rank(df1(x), . . . , dfs(x)) = s, for all x ∈ M ∩ V.
If g, h : V ⊂ Rℓ → R are smooth functions such that g(x) = λ(x)h(x), for all
x ∈M ∩ V and some smooth function λ : V → R, then:
(i) If λ(x) 6= 0 and x ∈M then g(x) = 0⇔ h(x) = 0.
(ii) If λ(x) 6= 0, x ∈M and h(x) = 0 then
〈df1(x), . . . , dfs(x), dg(x)〉 = 〈df1(x), . . . , dfs(x), dh(x)〉.
Lemma 2.9. The definitions of Σk+1(ω) and Ak(ω) do not depend on the choice
of the basis {Ω1, . . . ,Ωn−k}, for every k ≥ 1.
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Proof. As for the definition of Σk+1(ω) and Ak(ω), for k ≥ 1, we will proceed by
induction on k. First, note that the definition of Σ1(ω) does not depend on the
choice of any basis. Then, assume as induction hypothesis that the definition of
Σi(ω) does not depend on the choice of the basis for every i ≤ k. We know that,
for each p ∈ Σk(ω), there is an open neighborhood U ⊂M of p so that
U ∩ Σk(ω) = {x ∈ U : F1(x) = . . . = Fm−n+1(x) = ∆2(x) = . . . = ∆k(x) = 0},
U ∩ Σk+1(ω) = {x ∈ U : F1(x) = . . . = Fm−n+1(x) = ∆2(x) = . . . = ∆k+1(x) = 0},
with rank(dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆k(x)) = m− n+ k, for x ∈ U ∩
Σk(ω) and rank(dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆k+1(x)) = m− n+ k + 1,
for x ∈ U ∩Σk+1(ω). Let us recall that
∆k+1(x) = det(dF1, . . . , dFm−n+1, d∆2, . . . , d∆k,Ω1, . . . ,Ωn−k)(x),
where {Ω1(x), . . . ,Ωn−k(x)} is a smooth (n − k)-coframe defined on U which is a
basis of a vector subspace supplementary to 〈ω¯(x)〉∩N∗xΣk−1(ω) in 〈ω¯(x)〉 for each
x ∈ U ∩ Σk(ω).
Let us consider {Ω˜1(x), . . . , Ω˜n−k(x)} a smooth (n − k)-coframe defined on U
such that, for each x ∈ U ∩ Σk(ω), {Ω˜1(x), . . . , Ω˜n−k(x)} is another basis of a
vector subspace supplementary to 〈ω¯(x)〉 ∩N∗xΣk−1(ω) in 〈ω¯(x)〉. Then,
〈ω¯(x)〉 = (〈ω¯(x)〉 ∩N∗xΣk−1(ω))⊕ 〈Ω˜1(x), . . . , Ω˜n−k(x)〉
and dim(〈Ω˜1(x), . . . , Ω˜n−k(x)〉 ∩ N∗xΣk(ω)) is either equal to 0 or equal to 1, for
x ∈ U ∩ Σk(ω). Moreover,


Ω˜1(x) =
n−k∑
ℓ=1
aℓ1(x)Ωℓ(x) + ϕ1(x)
Ω˜2(x) =
n−k∑
ℓ=1
aℓ2(x)Ωℓ(x) + ϕ2(x)
...
Ω˜n−k(x) =
n−k∑
ℓ=1
aℓ(n−k)(x)Ωℓ(x) + ϕn−k(x)
where aij(x) ∈ R and ϕj(x) ∈ 〈ω¯(x)〉 ∩N∗xΣk−1(ω), for j = 1, . . . , n − k. We will
show that for each x ∈ U ∩ Σk(ω),
det(A(x)) =
∣∣∣∣∣∣∣
a11(x) a12(x) · · · a1(n−k)(x)
...
...
. . .
...
a(n−k)1(x) a(n−k)2(x) · · · a(n−k)(n−k)(x)
∣∣∣∣∣∣∣ 6= 0.
Suppose that the statement is false, that is, det(A(x)) = 0. This means that the
columns of matrix A(x) are linearly dependent. So we can suppose without loss of
generality that the first column of A(x) can be written as a linear combination of
the others columns:
(a11(x), . . . , a(n−k)1(x)) =
n−k∑
s=2
λs(a1s(x), . . . , a(n−k)s(x)),
where λs ∈ R, for s = 2, . . . , n− k. Thus, deleting x in the notation, we have
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Ω˜1 =
n−k∑
ℓ=1
aℓ1Ωℓ + ϕ1 ⇒ Ω˜1 =
n−k∑
ℓ=1
(
n−k∑
s=2
λsaℓs
)
Ωℓ + ϕ1
⇒ Ω˜1 =
n−k∑
s=2
λs
(
n−k∑
ℓ=1
aℓsΩℓ
)
+ ϕ1
then,
Ω˜1 −
n−k∑
s=2
λsΩ˜s =
[
n−k∑
s=2
λs
(
n−k∑
ℓ=1
aℓsΩℓ
)
+ ϕ1
]
−
n−k∑
s=2
λs
(
n−k∑
ℓ=1
aℓsΩℓ + ϕs
)
= ϕ1 −
n−k∑
s=2
λsϕs.
This means that
Ω˜1 −
n−k∑
s=2
λsΩ˜s ∈
(〈ω¯〉 ∩N∗xΣk−1(ω)) ∩ 〈Ω˜1, . . . , Ω˜n−k〉 = {0},
that is, Ω˜1(x), . . . , Ω˜n−k(x) are linearly dependent. However, this contradicts the
initial assumption that {Ω˜1(x), . . . , Ω˜n−k(x)} is a basis of a vector subspace for
each x in U ∩ Σk(ω). Therefore, det(A(x)) 6= 0.
Let tA(x) be the transpose of matrix A(x). For each x ∈ U ∩ Σk(ω), we have
det(tA(x)) = det(A(x)) 6= 0 and, deleting x in the notation,
∆˜k+1 = det(dF1, . . . , dFm−n+1, d∆2, . . . , d∆k, Ω˜1, . . . , Ω˜n−k)
= det(dF1, . . . , dFm−n+1, d∆2, . . . , d∆k,
n−k∑
ℓ=1
aℓ1Ωℓ, . . . ,
n−k∑
ℓ=1
aℓ(n−k)Ωℓ)
= det(tA) det(dF1, . . . , dFm−n+1, d∆2, . . . , d∆k,Ω1, . . . ,Ωn−k)
= det(tA)∆k+1.
So, by statement (i) of Lemma 2.8, ∆˜k+1(x) = 0⇔ ∆k+1(x) = 0 for x ∈ U ∩Σk(ω).
Since ∆k+1(x) = 0 if and only if dim(〈Ω1(x), . . . ,Ωn−k(x)〉 ∩ N∗xΣk(ω)) = 1 and
∆˜k+1(x) = 0 if and only if dim(〈Ω˜1(x), . . . , Ω˜n−k(x)〉∩N∗xΣk(ω)) = 1, by Definition
2.4 we have that
x ∈ U ∩ Σk+1(ω) ⇔ dim(〈Ω1(x), . . . ,Ωn−k(x)〉 ∩N∗xΣk(ω)) = 1
⇔ ∆k+1(x) = 0
⇔ ∆˜k+1(x) = 0
⇔ dim(〈Ω˜1(x), . . . , Ω˜n−k(x)〉 ∩N∗xΣk(ω)) = 1
In particular, if x ∈ U ∩Σk+1(ω) we have ∆k+1(x) = 0 and ∆˜k+1(x) = 0 so that
by statement (ii) of Lemma 2.8,
〈dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆k(x), d∆k+1(x)〉
= 〈dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆k(x), d∆˜k+1(x)〉,
which implies that rank(dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆k(x), d∆˜k+1(x)) is
equal to m−n+k+1. Therefore, the intersection properties Ik+1 and the definition
of Σk+1(ω) do not depend on the choice of the basis {Ω1(x), . . . ,Ωn−k(x)}. Since
Ak(ω) = Σ
k(ω) \ Σk+1(ω), we conclude that Ak(ω) also does not depend on the
choice of the basis. 
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Remark 2.1. It is not difficult to see that Σk(ω) is a closed submanifold of M , for
k ≥ 1. Moreover, we can write
Σk(ω) = Ak(ω) ∪ Σk+1(ω) = ∪i≥kAi(ω)
so that Ak(ω) = Σ
k(ω) \ Σk+1(ω). That is, the singular sets Ak(ω) are (n − k)-
dimensional submanifolds of M such that Ak(ω) = Σ
k(ω).
Finally, based on the previous considerations, we define:
Definition 2.6. An n-coframe ω is a Morin n-coframe if ω has corank1 and it
satisfies the intersection properties Ik (a) and (b) for k = 2, . . . , n.
Remark 2.2. By Definition 2.6, if ω is a Morin n-coframe then ω admits only
singular points of type Ak for k = 1, . . . , n.
As we mentioned in Section 1, fixed a Riemannian metric on M , we can consider
vector fields instead of 1-forms and define the notion of Morin n-frames analogously
to the definition of Morin n-coframes:
Definition 2.7. An n-frame V = (V1, . . . , Vn) : M → TMn is a Morin n-frame
if V has corank1 and it satisfies the intersection properties Ik (a) and (b) for
k = 2, . . . , n.
Next, we present some examples of Morin n-frames.
Example 2.3. Let f : Mm → Rn be a smooth Morin map defined on an
m-dimensional Riemannian manifold M , with m ≥ n. The n-frame V (x) =
(∇f1(x), . . . ,∇fn(x)) given by the gradient of the coordinate functions of f is,
clearly, a Morin n-coframe whose singular points are the same that the singular
points of f . That is, Ak(V ) = Ak(f), ∀k = 1, . . . , n.
Example 2.4. Let a ∈ R be a regular value of a C2 mapping f : R3 → R. Suppose
that M = f−1(a) and consider V = (V1, V2) be a 2-frame on M , given by
V1(x) = (−fx2(x), fx1(x), 0);
V2(x) = (−fx3(x), 0, fx1(x)).
Since a is a regular value of f , we have that ∇f(x) = (fx1(x), fx2(x), fx3(x)) 6= ~0,
∀x ∈M . Thus, rank(V1(x), V2(x)) is either equal to 2 or equal to 1 . The singular
points of V are the points x ∈M where rank(V1(x), V2(x)) = 1, that is,
Σ1(V ) = {x ∈M |fx1(x) = 0}
and V = (V1, V2) has corank1 if and only if rank(∇f(x),∇fx1(x)) = 2 for each
x ∈ Σ1(V ). In this case, Σ1(V ) is a submanifold of M of dimension 1. Let
x ∈ Σ1(V ) be a singular point of V , then the space 〈V1(x), V2(x)〉 is spanned by the
vector e1 = (1, 0, 0) and x ∈ A2(V ) if and only if
rank(∇f(x),∇fx1(x), e1) < 3,
that is, if and only if ∆2 := fx2fx1x3−fx3fx1x2 vanishes at x. Moreover, V satisfies
the intersection properties I2 if and only if rank(∇f(x),∇fx1(x),∇∆2(x)) = 3 for
x ∈ A2(V ). In this case, A2(V ) is a submanifold of M of dimension 0. Therefore,
V = (V1, V2) is a Morin 2-frame if and only if rank(∇f(x),∇fx1(x)) = 2 on the
singular set Σ1(V ) = {x ∈ M |fx1(x) = 0} and det(∇f(x),∇fx1(x),∇∆2(x)) 6= 0
on A2(V ) = {x ∈M |fx1(x) = 0,∆2(x) = 0}.
Example 2.5. Let us apply Example 2.4 to the 2-frame V = (V1, V2) defined on
the torus T := f−1(R2), where R2 is a regular value of
f(x1, x2, x3) = (
√
x22 + x
2
3 − a)2 + (x1 + x2)2,
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with a > R. Then, one can verify that Σ1(V ) = {x ∈ T |x1 + x2 = 0}, that is,
Σ1(V ) = {(x1, x2, x3) ∈ R3|
√
x22 + x
2
3 − a)2 = R2}
and rank(∇f(x),∇fx1(x)) is equal to
rank

 0 2x2(
√
x22 + x
2
3 − a)√
x22 + x
2
3
2x3(
√
x22 + x
2
3 − a)√
x22 + x
2
3
1 1 0


which is 2, for all x ∈ T ∩Σ1(V ). Moreover,
∆2(x) =
−4x3(
√
x22 + x
2
3 − a)√
x22 + x
2
3
,
so that A2(V ) = {x ∈ T |x1 + x2 = 0;x3 = 0} which is the set given by the points
(−a−R, a+R, 0), (a+R,−a− R, 0), (−a+ R, a− R, 0) and (a−R,−a+ R, 0).
It is not difficult to see that rank(∇f(x),∇fx1(x),∇∆2(x)) = 3, ∀x ∈ T ∩ A2(V ).
Therefore, the frame V = (V1, V2) given by
V1(x) =
(
−2x2(
√
x22+x
2
3−a)√
x22+x
2
3
− 2(x1 + x2), 2(x1 + x2), 0
)
;
V2(x) =
(
−2x3(
√
x22+x
2
3−a)√
x22+x
2
3
, 0, 2(x1 + x2)
)
.
is a Morin 2-frame defined on the torus T which admits singular points of type A1
and A2.
Example 2.6. Let a ∈ R be a regular value of a C2 mapping f : R3 → R. Suppose
that M = f−1(a) and consider W1 and W2 be the orthogonal projections of e2 =
(0, 1, 0) and e3 = (0, 0, 1) over TxM given by
W1 = e2 −
〈
e2,
∇f
|∇f |
〉
∇f
|∇f | ;
W2 = e3 −
〈
e3,
∇f
|∇f |
〉
∇f
|∇f | .
Let W = (W1,W2) be the 2-frame defined by W1 = ‖∇f‖2W1 andW2 = ‖∇f‖2W2,
that is,
W1 = (−fx1fx2, f2x1 + f2x3 ,−fx2fx3);
W2 = (−fx1fx3,−fx2fx3 , f2x1 + f2x2).
Note that in this case, W1 and W2 are gradients vector fields, that is, W is a 2-
frame gradient. It is not difficult to see that rank(W1(x),W2(x)) is either equal to
2 or equal to 1 and the singular set of W is Σ1(W ) = {x ∈ M |fx1(x) = 0}. Let
x ∈ Σ1(W ) be a singular point of W , then the space 〈W1(x),W2(x)〉 is spanned
by the vector (0, fx3 ,−fx2), so that A2(W ) = {x ∈ M |fx1(x) = 0, fx1x1(x) = 0}.
Therefore, W = (W1,W2) is a Morin 2-frame if and only if rank(∇f(x),∇fx1(x)) =
2 on the singular set Σ1(W ) and det(∇f(x),∇fx1(x),∇fx1x1(x)) 6= 0 on A2(W ).
Example 2.7. Let us apply Example 2.6 to the 2-frame W = (W1,W2) defined
on the torus T := f−1(R2) of Example 2.5. In this situation, one can verify
that Σ1(W ) is the same singular set as Σ1(V ) in the Example 2.5. Moreover,
rank(∇f(x),∇fx1(x)) = 2, ∀x ∈ Σ1(W ). However, since fx1x1(x) = 2, ∀x ∈
Σ1(W ), we have that W does not admits singular points of type A2. That is,
W is Morin 2-frame on T which admits only Morin singularities of type A1.
Example 2.8. Let us consider the 2-frames V = (V1, V2) and W = (W1,W2) from
Examples 2.4 and 2.6 defined on the unit sphereM := f−1(1), where f(x1, x2, x3) =
x21 + x
2
2 + x
2
3. We know that the singular sets of V and W are the same, that is,
Σ1(V ) = Σ1(W ) = {x ∈M |x1 = 0} and rank(∇f(x),∇fx1(x)) = 2 for all singular
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point x. However, ∆2(x) = 0, ∀x ∈ Σ1(V ), so that ∇∆2 ≡ ~0. On the other hand,
fx1x1(x) 6= 0, ∀x ∈ Σ1(W ), so that A2(W ) = ∅. Therefore, V is not a Morin
2-frame and W is a Morin 2-frame that admits only Morin singularities of type A1.
Example 2.9. In the Example 2.8, if we consider f(x1, x2, x3) = x
2
1 − x1x2 + x23
then one can verify that V and W are both Morin 2-frames that admits only Morin
singularities of type A1. Let us consider the case where V of Example 2.4 is defined
on M := f−1(−1) and f(x1, x2, x3) = x21 − x1x2 + x23. It is easy to see that −1 is
a regular value of f and Σ1(V ) = {x ∈ M | 2x1 − x2 = 0}. That is,
Σ1(V ) = {(x1, x2, x3) ∈ R3|x21 − x1x2 + x23 + 1 = 0; 2x1 − x2 = 0}
and rank(∇f(x),∇fx1(x)) is equal to
rank
[
(2x1 − x2) −x1 2x3
2 −1 0
]
which is 2, for all x ∈M ∩ Σ1(V ). Moreover, ∆2(x) = 2x3 and
A2(V ) = {(x1, x2, x3) ∈ R3 |x21 − x1x2 + x23 + 1 = 0; 2x1 − x2 = 0;x3 = 0}
which is the set given by the points (1, 2, 0) and (−1,−2, 0). We also have that
det(∇f(x),∇fx1(x),∇∆2(x)) is equal to
det

 (2x1 − x2) −x1 2x32 −1 0
0 0 2

 = 4x1
which is equal to ±4 for each x ∈ A2(V ). That is, rank(∇f(x),∇fx1(x),∇∆2(x)) =
3, ∀x ∈M ∩A2(V ). Therefore, the 2-frame V = (V1, V2) given by
V1(x) = (x1, 2x1 − x2, 0) ;
V2(x) = (−2x3, 0, 2x1 − x2) .
is a Morin 2-frame defined on M which admits singular points of type A1 and A2.
3. Zeros of a generic 1-form ξ(x) associated to a Morin n-coframe
Let a = (a1, . . . , an) ∈ Rn \ {~0} and let ω = (ω1, . . . , ωn) be a Morin n-coframe
defined on an m-dimensional manifold M . In this section, we will consider the
1-form ξ(x) =
n∑
i=1
aiωi(x) defined on M and we will proof some properties of the
zeros of ξ and its restrictions to the singular sets of ω.
Lemma 3.1. If p is a zero of the 1-form ξ then p ∈ Σ1(ω) and p is a zero of ξ|Σ1(ω) .
Proof. Suppose that ξ(p) = 0. So rank(ω1(p), . . . , ωn(p)) ≤ n − 1, since a 6= ~0.
However, the n-coframe ω has corank 1, thus rank(ω1(p), . . . , ωn(p)) = n− 1. That
is, p ∈ Σ1(ω). Moreover, ξ(p) = 0 implies that TpM ⊂ ker(ξ(p)) and since
TpΣ1(ω) ⊂ TpM , we conclude that p is a zero of ξ|Σ1(ω) = 0. 
Lemma 3.2. If p ∈ Ak+1(ω) then, for each k = 0, . . . , n−2, p is a zero of ξ|
Σk+1(ω)
if and only if p is a zero of ξ|
Σk(ω)
.
Proof. Suppose that p ∈ Ak+1(ω) and that, locally, we have:
U ∩ Σk(ω) = {x ∈ U |F1(x) = . . . = Fm−n+1(x) = ∆2(x) = . . . = ∆k(x) = 0};
U ∩ Σk+1(ω) = {x ∈ U |F1(x) = . . . = Fm−n+1(x) = ∆2(x) = . . . = ∆k+1(x) = 0};
for an open neighborhood U ⊂ M , with p ∈ U . If p is a zero of the restriction
ξ|
Σk(ω)
then ξ(p) ∈ N∗pΣk(ω) = 〈dF1(p), . . . , dFm−n+1(p), d∆2(p), . . . , d∆k(p)〉. In
particular, ξ(p) ∈ N∗pΣk+1(ω), therefore p is a zero of ξ|Σk+1(ω) .
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On the other hand, if p is a zero of ξ|
Σk+1(ω)
then ξ(p) ∈ N∗pΣk+1(ω) ∩ 〈ω¯(p)〉.
Since p ∈ Ak+1(ω), we have that p ∈ Σk+1(ω) \ Σk+2(ω), thus{
dim(〈ω¯(p)〉 ∩N∗pΣk(ω)) = k;
dim(〈Ω¯k+1(p)〉 ∩N∗pΣk+1(ω)) = 0;
where Ω¯k+1(p) represents a smooth basis for a vector subspace supplementary to
〈ω¯(p)〉∩N∗pΣk(ω) in 〈ω¯(p)〉. Since dim(N∗pΣk(ω)) = m−n+k, dim(N∗pΣk+1(ω)) =
m− n+ k + 1 and N∗pΣk(ω) ⊂ N∗pΣk+1(ω), we have
dim(〈ω¯(p)〉 ∩N∗pΣk+1(ω)) = dim(〈ω¯(p)〉 ∩N∗pΣk(ω)) = k.
Thus, 〈ω¯(p)〉 ∩N∗pΣk(ω) = 〈ω¯(p)〉 ∩N∗pΣk+1(ω). Therefore, ξ(p) ∈ N∗pΣk(ω), that
is, p is a zero of ξ|
Σk(ω)
. 
Lemma 3.3. If p ∈ An(ω) then p is a zero of the restriction ξ|Σn−1(ω) .
Proof. Analogously to Lemma 3.2, we consider local equations of Σn(ω):
U ∩ Σn(ω) = {x ∈ U |F1(x) = . . . = Fm−n+1(x) = ∆2(x) = . . . = ∆n(x) = 0},
with N∗xΣ
n(ω) = 〈dF1(x), . . . , dFm−n+1(x), d∆2(x), . . . , d∆n(x)〉. Since An(ω) =
Σn(ω), if p ∈ An(ω) then
dim(〈ω¯(p)〉 ∩N∗pΣn−1(ω)) = n− 1.
Thus, 〈ω¯(p)〉 ⊂ N∗pΣn−1(ω) and consequently, ξ(p) ∈ N∗pΣn−1(ω). Therefore, p is
a zero of ξ|Σn−1(ω) . 
Remark 3.1. If p ∈ Σ1(ω) then rank(ω1(p), . . . , ωn(p)) = n − 1 and, writing
ωi = (ω
1
i , . . . , ω
m
i ), we can suppose without loss of generality that
(11) M(x) =
∣∣∣∣∣∣∣∣∣∣∣∣
ω11(x) ω
1
2(x) · · · ω1n−1(x)
...
...
. . .
...
ωn−11 (x) ω
n−1
2 (x) · · · ωn−1n−1(x)
∣∣∣∣∣∣∣∣∣∣∣∣
6= 0,
for all x in an open neighborhood U ⊂ M with p ∈ U . In particular, if p ∈ U is a
singular point of ξ then an 6= 0, otherwise, we would have a1 = . . . = an−1 = an = 0.
We will use this fact in next results.
Lemma 3.4. Let p ∈ Σ1(ω) such that M(p) 6= 0. Then ξ(p) = 0 if and only if
n∑
i=1
aiω
j
i (p) = 0, for every j = 1, . . . , n− 1.
Proof. It follows easily from the definition of Σ1(ω) and ξ. 
Lemma 3.5. Let Z(ξ) be the zero set of the 1-form ξ. Then for almost every
a ∈ Rn \ {~0}, Z(ξ) ∩ Σ2(ω) = ∅.
Proof. Let U ⊂M be an open neighborhood on which M(x) 6= 0 and
U ∩ Σ2(V ) = {x ∈ U |F1(x) = . . . = Fm−n+1(x) = ∆2(x) = 0},
with rank(dF1(x), . . . , dFm−n+1(x), d∆2(x)) = m− n+ 2, for each x ∈ Σ2(V ) ∩ U .
Let us consider F : U × Rn \ {~0} → Rm+1 the mapping defined by
F (x, a) = (F1(x), . . . , Fm−n+1(x),∆2(x),
n∑
i=1
aiω
1
i (x), . . . ,
n∑
i=1
aiω
n−1
i (x)).
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By Lemma 3.4, if x ∈ Σ1(ω) then
n∑
i=1
aiωi(x) = 0⇔
n∑
i=1
aiω
j
i (x) = 0, ∀j = 1, . . . , n− 1.
Thus, if (x, a) ∈ F−1(~0) we have that x ∈ Z(ξ)∩Σ2(V ). Furthermore, the Jacobian
matrix of F at a point (x, a) ∈ F−1(~0):

dF1(x)
...
...
...
O(m−n+2)×n
dFm−n+1(x)
...
d∆2(x)
...
· · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · · · · · · · ·
... ω11(x) · · · ω1n−1(x) ω1n(x)
(∗)
... ω21(x) · · · ω2n−1(x) ω2n(x)
...
...
. . .
...
...
... ωn−11 (x) · · · ωn−1n−1(x) ωn−1n (x)


has rank m + 1. That is, ~0 is regular value of F and F−1(~0) is a submanifold of
dimension n− 1. Let π : F−1(~0) → Rn \ {~0} be the projection over Rn \ {~0} given
by π(x, a) = a, by Sard’s Theorem, a is regular value of π for almost every a ∈
R
n \ {~0}. Therefore, π−1(a) ∩ F−1(~0) = ∅ for almost every a ∈ Rn \ {~0}. However,
π−1(a) ∩ F−1(~0) = {(x, a) ∈ U × {a} : x ∈ Z(ξ) ∩ Σ2(ω)}. Thus, Z(ξ) ∩ Σ2(ω) = ∅
for almost every a ∈ Rn \ {~0}. 
Lemma 3.6. Let Z(ξ|
Σk(ω)
) be the zero set of the restriction of the 1-form ξ to
Σk(ω), with k ≥ 1. Then for almost every a ∈ Rn \ {~0}, Z(ξ|
Σk(ω)
) ∩Σk+2(ω) = ∅.
Proof. For each k = 1, . . . , n− 2, let U ⊂M be an open neighborhood on which,
U ∩ Σk(ω) = {x ∈ U |F1(x) = . . . = Fm−n+k(x) = 0},
with rank(dF1(x), . . . , dFm−n+k(x)) = m− n+ k, for all x ∈ U ∩ Σk(ω) and
U ∩ Σk+2(V ) = {x ∈ U |F1(x) = . . . = Fm−n+k+2(x) = 0},
with rank(dF1(x), . . . , dFm−n+k+2(x)) = m− n+ k + 2, for all x ∈ U ∩ Σk+2(V ).
By Szafraniec’s characterization (see [16, p. 196]) adapted to 1-forms, x is a zero
of the restriction ξ|
Σk(ω)
if and only if there exists (λ1, . . . , λm−n+k) ∈ Rm−n+k such
that
ξ(x) =
m−n+k∑
j=1
λjdFj(x).
Let us write ξ(x) = (ξ1(x), . . . , ξm(x)), where ξs(x) =
n∑
i=1
aiω
s
i (x), s = 1, . . . ,m, we
define
Ns(x, a, λ) := ξs(x) −
m−n+k∑
j=1
λj
∂Fj
∂xs
(x),
so that ξ|
Σk(ω)
(x) = 0 if and only if Ns(x, a, λ) = 0, for all s = 1, . . . ,m.
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Let F : U × Rn \ {~0} × Rm−n+k → R2m−n+k+2 be the mapping defined by
F (x, a, λ) = (F1, . . . , Fm−n+k+2, N1, . . . , Nm),
if (x, a, λ) ∈ F−1(~0) then x ∈ Z(ξ|
Σk(ω)
) ∩ Σk+2(ω) and the Jacobian matrix of F
at (x, a, λ):

dF1(x)
...
...
... O(m−n+k+2)×(m+k)
dFm−n+k+2(x)
...
· · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · · · · · · · ·
dxN1(x, a, λ)
...
...
...
... Bm×n
... Cm×(m−n+k)
dxNm(x, a, λ)
...
...


has rank 2m−n+k+1, where O(m−n+k+2)×(m+k) is a null matrix, Bm×n is a matrix
whose columns vectors are given by the coefficients of the 1-forms ω1(x), . . . , ωn(x)
of the n-coframe ω:
Bm×n =

 ω
1
1(x) · · · ω1n(x)
...
. . .
...
ωm1 (x) · · · ωmn (x)


and Cm×(m−n+k) is the matrix whose columns vectors are, up to sign, the coeffi-
cients of the derivatives dF1, . . . , dFm−n+k with respect to x:
Cm×(m−n+k) =


−∂F1
∂x1
(x) · · · −∂Fm−n+k
∂x1
(x)
...
. . .
...
− ∂F1
∂xm
(x) · · · −∂Fm−n+k
∂xm
(x)

 .
Note that, if (x, a, λ) ∈ F−1(~0) then, in particular, x ∈ Σk+1(ω) and by Lemma
2.6, dim(〈ω¯(x)〉∩N∗xΣk(ω)) = k. Thus, dim(〈ω¯(x)〉+N∗xΣk(ω)) = m−1. Therefore,
rank
[
Bm×n
... Cm×(m−n+k)
]
= m− 1
and the Jacobian matrix of F at (x, a, λ) has rank 2m−n+ k+1. That is, F−1(~0)
has dimension less or equal to n− 1. Let π : F−1(~0) → Rn \ {~0} be the projection
over Rn \ {~0}, that is, π(x, a, λ) = a. By Sard’s Theorem, a is regular value of π
for almost every a ∈ Rn \ {~0}. Therefore, π−1(a) ∩ F−1(~0) = ∅ for almost every
a ∈ Rn \ {~0}. However,
π−1(a) ∩ F−1(~0) = {(x, a, λ) ∈ U × {a} × Rm−n+k |x ∈ Z(ξ|
Σk(ω)
) ∩ Σk+2(ω)}.
Thus, Z(ξ|
Σk(ω)
) ∩Σk+2(ω) = ∅ for almost every a ∈ Rn \ {~0}. 
4. Non-degenerate zeros of a generic 1-form ξ(x) associated to a
Morin n-coframe
In this section we will verify that, generically, the 1-form ξ(x) and its restrictions
ξ|
Σk(ω)
, ξ|Ak(ω) admit only non-degenerate zeros. Furthermore, we will see how these
non-degenerate zeros can be related. We start with some technical lemmas.
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Lemma 4.1. Let A be a square matrix of order m given by:
A =


a11 · · · a1m
a21 · · · a2m
... · · · ...
am1 · · · amm

 .
If there exist (λ1, . . . , λm) ∈ Rm \ {~0} such that
m∑
j=1
λjaij = 0, i = 1, . . . ,m, then
λj cof(aik)− λk cof(aij) = 0, ∀j, k = 1, . . . ,m.
Lemma 4.2. Let us consider the matrix
Mi(x) =


ω11(x) · · · ω1n−1(x) ω1n(x)
...
. . .
...
...
ωn−11 (x) · · · ωn−1n−1(x) ωn−1n (x)
ωi1(x) · · · ωin−1(x) ωin(x)


.
If x is a zero of ξ then for ℓ ∈ {1, . . . , n−1}, j ∈ {1, . . . , n−1, i} and i ∈ {n, . . . ,m},
we have
an cof(ω
j
ℓ ,Mi) = aℓ cof(ω
j
n,Mi).
Proof. This result is a consequence of Lemma 4.1 applied to the matrix A =Mi(x),
where aℓj = ωℓj(x), for j = 1, . . . , n and ℓ = 1, . . . , n − 1, i. It is enough to take
(λ1, . . . , λn) = (a1, . . . , an). 
Lemma 4.3. Let U ⊂ Rm be an open set and let H : U × Rn \ {~0} → Rm be a
smooth mapping given by H(x, a) = (h1(x, a), . . . , hm(x, a)). If
rank(dh1(x, a), . . . , dhm(x, a)) = m, ∀(x, a) ∈ H−1(~0)
then rank(dxh1(x, a), . . . , dxhm(x, a)) = m for almost every a ∈ Rn \ {~0}.
In the previous section we proved that every zero of ξ belongs to Σ1(ω). Next,
we will show that, generically, such zeros belong to A1(ω) and they are non-
degenerate. To do this, we must find explicit equations that define locally the
manifolds T ∗Mn,n−1 and Σ1(ω).
Lemma 4.4. Let (p, ϕ˜) ∈ T ∗Mn,n−1, it is possible to exhibit, explicitly, functions
mi(x, ϕ) : U˜ → R, i = n, . . . ,m, defined on an open neighborhood U˜ ⊂ T ∗Mn, with
(p, ϕ˜) ∈ U˜ , such that, locally
T ∗Mn,n−1 =
{
(x, ϕ) ∈ U˜ | mn = . . . = mm = 0
}
with rank (dmn, . . . , dmm) = m− n+ 1, for all (x, ϕ) ∈ T ∗Mn,n−1 ∩ U˜ .
Proof. Let (p, ϕ˜) ∈ T ∗Mn,n−1, we may suppose without loss of generality that
m(ϕ) =
∣∣∣∣∣∣∣
ϕ11 ϕ
1
2 · · · ϕ1n−1
...
...
. . .
...
ϕn−11 ϕ
n−1
2 · · · ϕn−1n−1
∣∣∣∣∣∣∣ 6= 0
for (x, ϕ) in an open neighborhood U˜ of T ∗Mn, with (p, ϕ˜) ∈ U˜ . In this situation,
T ∗Mn,n−1 can be locally defined as
T ∗Mn,n−1 =
{
(x, ϕ) ∈ U˜ | mn = . . . = mm = 0
}
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where mi := mi(ϕ) is the determinant
mi(ϕ) =
∣∣∣∣∣∣∣∣∣
ϕ11 ϕ
1
2 · · · ϕ1n−1 ϕ1n
...
...
. . .
...
...
ϕn−11 ϕ
n−1
2 · · · ϕn−1n−1 ϕn−1n
ϕi1 ϕ
i
2 · · · ϕin−1 ϕin
∣∣∣∣∣∣∣∣∣
, i = n, . . . ,m.
Let us verify that rank (dmn, . . . , dmm) = m− n+ 1 in (T ∗Mn,n−1) ∩ U˜ .
For clearer notations, consider I = {1, . . . , n} and Ii = {1, . . . , n− 1, i} for each
i ∈ {n, . . . ,m}. Then
(12) dmi(ϕ) =
∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)dϕ
ℓ
j ,
where cof(ϕℓj ,mi) is the cofactor of ϕ
ℓ
j in the matrix

ϕ11 ϕ
1
2 · · · ϕ1n−1 ϕ1n
...
...
. . .
...
...
ϕn−11 ϕ
n−1
2 · · · ϕn−1n−1 ϕn−1n
ϕi1 ϕ
i
2 · · · ϕin−1 ϕin


and
dϕℓj =
(
∂ϕℓj
∂ϕ11
, . . . ,
∂ϕℓj
∂ϕm1
,
∂ϕℓj
∂ϕ12
, . . . ,
∂ϕℓj
∂ϕm2
, . . . ,
∂ϕℓj
∂ϕ1n
, . . . ,
∂ϕℓj
∂ϕmn
)
is the vector whose coordinate at the position (j − 1)m+ ℓ is equal to 1 and all the
others are zero. In particular, since i ∈ {n, . . . ,m},
dϕin = (0, . . . , 0, 0, . . . ,
i
1, . . . , 0︸ ︷︷ ︸
m−n+1
) ∈ (Rm)∗ × . . .× (Rm)∗︸ ︷︷ ︸
n times
and the m−n+1 last coordinates of dϕℓj are zero for all j 6= n or ℓ 6= i. Moreover,
cof(ϕin,mi) = m(ϕ) 6= 0, for i = n, . . . ,m. Thus,
∂(mn, . . . ,mm)
∂(ϕnn, . . . , ϕ
m
n )
=
∣∣∣∣∣∣∣
cof(ϕnn,mn) · · · 0
...
. . .
...
0 · · · cof(ϕmn ,mm)
∣∣∣∣∣∣∣ .
That is, for all (x, ϕ) ∈ (T ∗Mn,n−1) ∩ U˜ , we have
(13)
∂(mn, . . . ,mm)
∂(ϕnn, . . . , ϕ
m
n )
= m(ϕ)(m−n+1)
∣∣∣∣∣∣∣
1 · · · 0
...
. . .
...
0 · · · 1
∣∣∣∣∣∣∣ 6= 0.
Therefore, rank(mn, . . . ,mm) = m− n+ 1 for all (x, ϕ) ∈ (T ∗Mn,n−1) ∩ U˜ . 
Lemma 4.5. Let p ∈ Σ1(ω) be a singular point of ω, it is possible to exhibit,
explicitly, functions Mi(x) : U → R, i = n, . . . ,m, defined on an open neighborhood
U ⊂M , with p ∈ U , such that, locally
U ∩ Σ1(ω) = {x ∈ U | Mn(x) = . . . =Mm(x) = 0}
with rank (dMn(x), . . . , dMm(x)) = m− n+ 1, for all x ∈ Σ1(ω) ∩ U .
Proof. Let ω = (ω1, . . . , ωn) be a Morin n-coframe and let p ∈ Σ1(ω). By Remark
3.1, we can consider U ⊂ M an open neighborhood with p ∈ U , where M(x) 6= 0.
Thus, in this neighborhood the set Σ1(ω) can be defined as
U ∩ Σ1(ω) = {x ∈ U | Mn = . . . =Mm = 0},
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where Mi :=Mi(x) is the determinant
(14) Mi(x) =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω11(x) ω
1
2(x) · · · ω1n−1(x) ω1n(x)
...
...
. . .
...
...
ωn−11 (x) ω
n−1
2 (x) · · · ωn−1n−1(x) ωn−1n (x)
ωi1(x) ω
i
2(x) · · · ωin−1(x) ωin(x)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
for i = n, . . . ,m. Let us verify that rank (dMn(x), . . . , dMm(x)) = m − n + 1, for
all x ∈ Σ1(ω) ∩ U .
Let G(ω) = {(x, ω1(x), . . . , ωn(x)) | x ∈ M} be the graph of the n-coframe ω.
By Lemma 4.4, we can consider an open neighborhood U˜ in T ∗Mn with (p, ω(p)) ∈
U˜ and πx(U˜) = U , where πx : (Rm)n → Rm is the projection on the m first
coordinates, so that the manifolds T ∗Mn,n−1 and G(ω) can be locally defined as:
T ∗Mn,n−1 = {(x, ϕ) ∈ U˜ | mn = . . . = mm = 0},
with rank (dmn, . . . , dmm) = m− n+ 1 on T ∗Mn,n−1 ∩ U˜ ; and
G(ω) = {(x, ϕ) ∈ U˜ | ϕℓj = ωℓj(x); j = 1, . . . , n; ℓ = 1, . . . ,m}
= {(x, ϕ) ∈ U˜ | gℓj(x, ϕ) = 0; j = 1, . . . , n; ℓ = 1, . . . ,m},
with rank (dg11, . . . , dgm1, . . . , dg1n, . . . , dgmn) = nm on G(ω) ∩ U˜ , where the func-
tions gℓj : T ∗Mn → R are given by gℓj(x, ϕ) = ϕℓj − ωℓj(x).
Let x ∈ Σ1(ω) ∩ U , then G(ω) ⋔ T ∗Mn,n−1 at (x, ω(x)) ∈ U˜ and, at this point,
rank (dmn, . . . , dmm, dg11, . . . , dgmn) = m− n+ 1 + nm. That is, the matrix
(15)


dmn
...
dmm
dg11
...
dgmn


=


... dϕmn
O(m−n+1)×m
...
...
... dϕmm
· · · · · · · · · · · · · · · · · · ... · · · · · · · · · · · ·
−dxω11
...
...
... Id(nm)
−dxωmn
...


has maximal rank at (x, ω(x)), where O(m−n+1)×m is the null matrix of size (m−n+
1)×m, Id(nm) represents the identity matrix of order nm and dx and dϕ denote the
derivatives with respect to x = (x1, . . . , xm) and ϕ = (ϕ11, . . . , ϕ
m
1 , . . . , ϕ
1
n, . . . , ϕ
m
n )
respectively.
We have that Equation (12) of Lemma 4.4 is the derivative of mi with respect
to ϕ. Thus, we can write
(16) dmi(ϕ) =
∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)fℓj
for I = {1, . . . , n}, Ii = {1, . . . , n − 1, i} and i = n, . . . ,m. Where fℓj denotes the
vector fℓj = (0, . . . , 0, 0 . . . , 0, 1, 0, . . . , 0) ∈ (Rm)∗ × . . .× (Rm)∗︸ ︷︷ ︸
n+1 times
whose coordinates
are all zero, except at the position jm+ ℓ, for each j ∈ I and ℓ ∈ Ii.
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We also have,
dMi(x) =
∑
j∈I,ℓ∈Ii
cof(ωℓj(x),Mi(x))dxω
ℓ
j(x)
and since (x, ω(x)) ∈ G(ω) ⋔ T ∗Mn,n−1, we have ωℓj(x) = ϕℓj so that
(17) dMi(x) =
∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)dxω
ℓ
j(x).
Let us suppose that rank (dMn(x), . . . , dMm(x)) < m−n+1. Then, there exists
(αn, . . . , αm) 6= (0, . . . , 0) such that
m∑
i=n
αidMi(x) = 0.
Thus,
(18) 0 =
m∑
i=n
αidMi(x)
(17)
=
m∑
i=n
αi

 ∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)dxω
ℓ
j(x)

.
Let dω˜ℓj(x) = (dxω
ℓ
j(x), 0, . . . , 0) ∈ (Rm)∗ × . . .× (Rm)∗︸ ︷︷ ︸
n+1 times
, we have
(19)
m∑
i=n
αi

 ∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)dgℓj

 (15)= m∑
i=n
αi

 ∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)
(
fℓj − dω˜ℓj
)
(18)
=
m∑
i=n
αi

 ∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)fℓj


(16)
=
m∑
i=n
αidmi.
On the other hand,
(20)
m∑
i=n
αi

 ∑
j∈I,ℓ∈Ii
cof(ϕℓj ,mi)dgℓj

 = ∑
j∈I,ℓ∈{1,...,m}
βℓjdgℓj
where
βℓj =


m∑
i=n
αi cof(ϕ
ℓ
j ,mi), j ∈ I, ℓ = 1, . . . , n− 1;
αℓ cof(ϕ
ℓ
j ,mℓ), j ∈ I, ℓ = n, . . . ,m.
Since (αn, . . . , αm) 6= (0, . . . , 0), by Equations (19) and (20), we obtain∑
j,ℓ
βℓjdgℓj −
m∑
i=n
αidmi = 0
which is a linear combination (with non-zero coefficients) of the row vectors of the
matrix (15). This is a contradiction, since rank (dmn, . . . , dmm, dg11, . . . , dgmn) is
maximal. Therefore rank (dMn(x), . . . , dMm(x)) = m− n+ 1. 
Lemma 4.6. For almost every a ∈ Rn \ {~0}, the 1-form ξ(x) =
n∑
i=1
aiωi(x) admits
only non-degenerate zeros. Moreover, such zeros belong to A1(ω).
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Proof. Suppose that p ∈M is a zero of ξ. Then, by Lemmas 3.1 and 3.5, for almost
every a ∈ Rn \ {~0} we have that p ∈ Σ1(ω) \ Σ2(ω), that is, p ∈ A1(ω). Assume
that M(x) 6= 0 in an open neighborhood U ⊂ M of p (see Remark 3.1) so that
U ∩Σ1(ω) = {x ∈ U :Mn(x) = . . . =Mm(x) = 0}. Let us write
ξs(x) =
n∑
i=1
aiω
s
i (x), s = 1, . . . ,m
and let us consider the mapping F : U × Rn \ {~0} → Rm defined by
F (x, a) = (Mn(x), . . . ,Mm(x), ξ1(x), . . . , ξn−1(x)).
Its Jacobian matrix at a point (x, a) is given by:
JacF (x, a) =


dxMn(x)
...
...
... O(m−n)×n
dxMm(x)
...
· · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · · · · ·
dxξ1(x)
... ω11(x) · · · ω1n−1(x) ω1n(x)
...
...
...
. . .
...
...
dxξn−1(x)
... ωn−11 (x) · · · ωn−1n−1(x) ωn−1n (x)


.
Note that, by Lemma 3.4, F−1(~0) corresponds to the zeros of ξ on Σ1(ω)∩U . Since
M(x) 6= 0 and rank(dMn(x), . . . , dMm(x)) = m−n+1 for all x ∈ Σ1(ω)∩U , then
rank(JacF (x, a)) = m for all (x, a) ∈ F−1(~0). Thus, dimF−1(~0) = n.
Let π : F−1(~0) → Rn \ {~0} be the projection π(x, a) = a, by Sard’s Theorem,
almost every a ∈ Rn \ {~0} is a regular value of π and dim(π−1(a) ∩ F−1(~0)) = 0.
That is, for almost every a, the zeros of ξ are isolated in Σ1(ω). Let us proof that,
moreover, these zeros are non-degenerate.
Since rank(JacF (x, a)) = m, for all (x, a) ∈ F−1(~0), then by Lemma 4.3 we have
that rank(dxMn(p), . . . , dxMm(p), dxξ1(p), . . . , dxξn−1(p)) = m, which happens if
and only if rank(B) = m, where B is the matrix
B =


dxξ1(p)
...
dxξn−1(p)
andxMn(p)
...
andxMm(p)


whose row vectors we will denote by Ri, i = 1, . . . ,m (by Remark 3.1, an 6= 0).
Let us denote I = {1, . . . , n} and Ii = {1, . . . , n − 1, i} for each i ∈ {n, . . . ,m}.
By Equation (14), we can write
dMi(x) =
∑
ℓ∈I,j∈Ii
cof(ωjℓ (x),Mi)dω
j
ℓ (x)
and by Lemma 4.2,
dMi(p) =
∑
ℓ∈I,j∈Ii
aℓ
an
cof(ωjn(p),Mi)dω
j
ℓ (p).
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Thus,
andMi(p) =
∑
ℓ∈I,j∈Ii
aℓ cof(ω
j
n(p),Mi)dω
j
ℓ (p)
=
∑
j∈Ii
cof(ωjn(p),Mi)
[∑
ℓ∈I
aℓdω
j
ℓ (p)
]
=
∑
j∈Ii
cof(ωjn(p),Mi) [dxξj(p)]
= cof(ωin(p),Mi) [dxξi(p)] +
∑
j∈Ii\{i}
cof(ωjn(p),Mi) [dxξj(p)].
Note that, cof(ωin(p),Mi) = M(p) 6= 0, for all i = n, . . . ,m. Then, for each
i = n, . . . ,m, we replace the ith row Ri of matrix B by
1
cof(ωin(p),Mi)

Ri − n−1∑
j=1
cof(ωjn(p),Mi)Rj


so that we obtain the matrix of maximal rank:

dxξ1(p)
...
dxξn−1(p)
dxξn(p)
...
dxξm(p)


.
Therefore, the zeros of ξ(x) are non-degenerate. 
Lemma 4.7. For almost every a ∈ Rn \ {~0}, the 1-form ξ|Ak(ω) admits only non-
degenerate zeros, k ≥ 2.
Proof. Suppose that ξ|Ak(ω)(p) = 0. By Lemmas 2.7 and 4.5, we can considerU ⊂ M an open neighborhood of p where M(x) 6= 0 and on which the respective
singular sets (k = 2, . . . , n) can be locally defined as
U ∩ Σ1(ω) = {x ∈ U :Mn(x) = . . . =Mm(x) = 0},
U ∩ Σk(ω) = {x ∈ U :Mn(x) = . . . =Mm(x) = ∆2(x) = . . . = ∆k(x) = 0},
with
rank(dMn, . . . , dMm) = m− n+ 1, ∀x ∈ Σ1(ω) ∩ U ,
rank(dMn, . . . , dMm, d∆2, . . . , d∆k) = m− n+ k, ∀x ∈ Σk(ω) ∩ U .
Analogously to the proof of Lemma 3.6, by Szafraniec’s characterization (see
[16, p. 196]), x is a zero of the restriction ξ|
Σk(ω)
if and only if there exists
(λn, . . . , λm, β2, . . . , βk) ∈ Rm−n+k such that
ξ(x) =
m∑
j=n
λjdMj(x) +
k∑
ℓ=2
βℓd∆ℓ(x).
Let us consider the functions
Ns(x, a, λ, β) := ξs(x) −
m∑
j=n
λj
∂Mj
∂xs
(x) −
k∑
ℓ=2
βℓ
∂∆ℓ
∂xs
(x), s = 1, . . . ,m,
so that ξ|
Σk(ω)
(x) = 0 if and only if Ns(x, a, λ, β) = 0, for all s = 1, . . . ,m.
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Let G : U \ {∆k+1 = 0} × Rn \ {~0} × Rm−n+k → R2m−n+k be the mapping
G(x, a, λ, β) = (Mn, . . . ,Mm,∆2, . . . ,∆k, N1, . . . , Nm).
Its Jacobian matrix at a point (x, a, λ, β) ∈ G−1(~0) is given by:
JacG(x, a, λ, β) =


dxMn(x)
...
...
...
dxMm(x)
...
O(m−n+k)×(m+k)
dx∆2(x)
...
...
...
dx∆k(x)
...
· · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · ·
dxN1(x, a, λ, β)
...
...
...
... Bm×n
... Cm×(m−n+k)
dxNm(x, a, λ, β)
...
...


where O(m−n+k)×(m+k) is a null matrix, Bm×n is the matrix whose column vectors
are given by the coefficients of the 1-forms ω1(x), . . . , ωn(x) and Cm×(m−n+k) is
the matrix whose column vectors are, up to sign, the coefficients of the derivatives
dMn, . . . , dMm, d∆2, . . . , d∆k with respect to x:
Cm×(m−n+k) =


−∂Mn
∂x1
(x) · · · −∂Mm
∂x1
(x) −∂∆2
∂x1
(x) · · · −∂∆k
∂x1
(x)
...
. . .
...
...
−∂Mn
∂xm
(x) · · · −∂Mm
∂xm
(x) −∂∆2
∂xm
(x) · · · −∂∆k
∂xm
(x)

 .
Thus, if (x, a, λ, β) ∈ G−1(~0) then x ∈ Σk(ω) ∩ U , ∆k+1(x) 6= 0 and ξ|
Σk(ω)
(x) = 0.
And since Ak(ω) = Σk(ω) \ Σk+1(ω), we have x ∈ Ak(ω) ∩ Z(ξ|
Σk(ω)
), for all
(x, a, λ, β) ∈ G−1(~0).
On the other hand, if x ∈ Ak(ω) then dim(〈ω¯(x)〉 ∩ N∗xΣk−1(ω)) = k − 1 and
dim(〈ω¯(x)〉 ∩N∗xΣk(ω)) = k − 1, so that dim(〈ω¯(x)〉 +N∗xΣk(ω)) = m. Thus,
rank


dxN1(x, a, λ, β)
...
...
...
... Bm×n
... Cm×(m−n+k)
dxNm(x, a, λ, β)
...
...

 = m
and the Jacobian matrix of G has maximal rank at every (x, a, λ, β) ∈ G−1(~0).
Therefore, dimG−1(~0) = (2m+ k)− (2m− n+ k) = n. Let π : G−1(~0)→ Rn \ {~0}
be the projection π(x, a, λ, β) = a, then almost every a ∈ Rn \ {~0} is a regular
value of π. So, for almost every a ∈ Rn \ {~0}, dim(π−1(a) ∩ G−1(~0)) = 0 and
π−1(a) ⋔ G−1(~0). Therefore, the zeros of ξ|Ak(ω) are non-degenerate. 
Lemma 4.8. For almost every a ∈ Rn \ {~0}, the 1-form ξ|A1(ω) admits only non-
degenerate zeros.
Proof. This proof follows analogously the proof of Lemma 4.7. 
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By Lemma 3.2, if p ∈ Ak+1(ω), then p is a zero of ξ|
Σk+1(ω)
if and only if p is a zero
of ξ|
Σk(ω)
. The next results state that this relation also holds for non-degenerate
zeros.
Lemma 4.9. Let p ∈ A1(ω) be a zero of ξ|Σ1(ω) , then p is a non-degenerate zero of
ξ|Σ1(ω) if and only if p is a non-degenerate zero of ξ.
Proof. Let p ∈ A1(ω) be a zero of the restriction ξ|Σ1(ω) and let U ⊂M be an open
neighborhood of p at which M(x) 6= 0 and U ∩ Σ1(ω) = {x ∈ U : Mn(x) = . . . =
Mm(x) = 0}. By Szafraniec’s characterization ([16, p. 196]), ∃!(λn, . . . , λm) ∈
R
m−n+1, such that
ξ(p) +
m∑
i=n
λidMi(p) = 0.
Furthermore, p is a non-degenerate zero of ξ|Σ1(ω) if and only if the matrix
(21)


...
∂Mn
∂x1
(p) · · · ∂Mm
∂x1
(p)
Jac
(
ξ +
m∑
i=n
λidMi
)
(p)
...
...
. . .
...
...
∂Mn
∂xm
(p) · · · ∂Mm
∂xm
(p)
· · · · · · · · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · ·
dxMn(p)
...
...
... O(m−n+1)
dxMm(p)
...


is non-singular. Since ξ(p) = 0, then p ∈ Σ1(ω) ∩ U and λndMn(p) + . . . +
λmdMm(p) = ~0, thus, λn = . . . = λm = 0 and, writing ξ = (ξ1, . . . , ξm), we
have
Jac
(
ξ +
m∑
i=n
λidMi
)
(p) =

 dxξ1(p)...
dxξm(p)

 .
This means that the Matrix (21) is non-singular if and only if the matrix
(22)


dxξ1(p)
...
∂Mn
∂x1
(p) · · · ∂Mm
∂x1
(p)
...
...
...
. . .
...
dxξm(p)
...
∂Mn
∂xm
(p) · · · ∂Mm
∂xm
(p)
· · · · · · · · · · · · ... · · · · · · · · · · · · · · · · · ·
andxMn(p)
...
...
... O(m−n+1)
andxMm(p)
...


is non-singular (by Remark 3.1, an 6= 0). By Equation (14),
dxMi(x) =
∑
ℓ∈I,j∈Ii
cof(ωjℓ (x),Mi)dω
j
ℓ (x),
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and applying Lemma 4.2, we obtain
andxMi(p) =
∑
ℓ∈I,j∈Ii
aℓ cof(ω
j
n(p),Mi)dω
j
ℓ (p)
=
∑
j∈Ii
cof(ωjn(p),Mi)
[∑
ℓ∈I
aℓdω
j
ℓ (p)
]
=
∑
j∈Ii
cof(ωjn(p),Mi) [dxξj(p)].
Let us denote the m first row vectors of Matrix (22) by Lj , j = 1, . . . ,m, and let
us denote the m− n+ 1 last row vectors of Matrix (22) by Ri, i = n, . . . ,m:
Lj =
(
dxξj(p),
∂Mn
∂xj
(p), . . . ,
∂Mm
∂xj
(p)
)
;
Ri =
(
an
∂Mi
∂x1
(p), . . . , an
∂Mi
∂xm
(p),~0
)
.
We replace each row vector Ri, i = n, . . . ,m, by Ri −
∑
j∈Ii
cof(ωjn,Mi)Lj so that
we obtain
Ri =

0, . . . 0︸ ︷︷ ︸
m times
,−
∑
j∈Ii
cof(ωjn,Mi)
∂Mn
∂xj
, . . . ,−
∑
j∈Ii
cof(ωjn,Mi)
∂Mm
∂xj


and the Matrix (22) becomes:
(23)


dxξ1(p)
...
∂Mn
∂x1
(p) · · · ∂Mm
∂x1
(p)
...
...
...
. . .
...
dxξm(p)
...
∂Mn
∂xm
(p) · · · ∂Mm
∂xm
(p)
· · · · · · · · · ... · · · · · · · · · · · · · · · · · ·
...
O(m−n+1)×m
... M′(m−n+1)
...


where
M′(m−n+1) = −
(
mij
)
n≤i,j≤m
is the matrix given by
(24) mij =
∑
k∈Ii
cof(ωkn,Mi)
∂Mj
∂xk
, i, j = n, . . . ,m.
Next, we will verify that the matrix M′ is non-singular. Since p ∈ A1(ω), then
dim(〈ω¯(p)〉 ∩ N∗pΣ1(ω)) = 0 and dim(〈ω¯(p)〉 ⊕ N∗pΣ1(ω)) = m. Since M(p) 6= 0,
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{ω1(p), . . . , ωn−1(p)} is a basis of the space 〈ω¯(p)〉. Thus the matrix
(25)


ω11(p) · · · ωn−11 (p) ωn1 (p) · · · ωm1 (p)
...
. . .
...
...
. . .
...
ω1n−1(p) · · · ωn−1n−1(p) ωnn−1(p) · · · ωmn−1(p)
∂Mn
∂x1
(p) · · · ∂Mn
∂xn−1
(p)
∂Mn
∂xn
(p) · · · ∂Mn
∂xm
(p)
...
. . .
...
...
. . .
...
∂Mm
∂x1
(p) · · · ∂Mm
∂xn−1
(p)
∂Mm
∂xn
(p) · · · ∂Mm
∂xm
(p)


has rank maximal. Let us denote the row vectors of Matrix (25) by L′j, j = 1, . . . ,m.
For j = 1, . . . , n− 1, we replace L′j by
(26)
n−1∑
k=1
cof(ωjk,M)L
′
k =
(
n−1∑
k=1
cof(ωjk,M)ω
1
k, . . . ,
n−1∑
k=1
cof(ωjk,M)ω
m
k
)
,
where
n−1∑
k=1
cof(ωjk,M)ω
ℓ
k =


M, ℓ = j;
0 ℓ = 1, . . . , n− 1 and ℓ 6= j;
− cof(ωjn,Mℓ), ℓ = n, . . . ,m.
Indeed,
• For ℓ = 1, . . . , n− 1 with ℓ = j, we have:
n−1∑
k=1
cof(ωjk,M)ω
j
k =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω11 · · · ω1k · · · ω1n−1
...
. . .
...
. . .
...
ωj1 · · · ωjk · · · ωjn−1
...
. . .
...
. . .
...
ωn−11 · · · ωn−1k · · · ωn−1n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=M;
• For ℓ = 1, . . . , n− 1 and ℓ 6= j, we have:
n−1∑
k=1
cof(ωjk,M)ω
ℓ
k =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω11 · · · ω1k · · · ω1n−1
...
. . .
...
. . .
...
ωj−11 · · · ωj−1k · · · ωj−1n−1
ωℓ1 · · · ωℓk · · · ωℓn−1
ωj+11 · · · ωj+1k · · · ωj+1n−1
...
. . .
...
. . .
...
ωn−11 · · · ωn−1k · · · ωn−1n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0,
because this is the determinant of a matrix with two equal rows.
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• For ℓ = n, . . . ,m, we have:
cof(ωjn,Mℓ) = (−1)n+j
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω11 · · · ω1n−1
...
. . .
...
ωj−11 · · · ωj−1n−1
ωj+11 · · · ωj+1n−1
...
. . .
...
ωn−11 · · · ωn−1n−1
ωℓ1 · · · ωℓn−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n+j
n−1∑
k=1
ωℓk(−1)n−1+k
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
ω11 · · · ω1k−1 ω1k+1 · · · ω1n−1
...
. . .
...
...
. . .
...
ωj−11 · · · ωj−1k−1 ωj−1k+1 · · · ωj−1n−1
ωj+11 · · · ωj+1k−1 ωj+1k+1 · · · ωj+1n−1
...
. . .
...
...
. . .
...
ωn−11 · · · ωn−1k−1 ωn−1k+1 · · · ωn−1n−1
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
n−1∑
k=1
(−1)j−1+kωℓk(−1)j+k cof(ωjk,M) = −
n−1∑
k=1
cof(ωjk,M)ω
ℓ
k
Thus, replacing the rows L′j , for j = 1, . . . , n− 1, Matrix (25) becomes
(27)


M · · · 0 ... − cof(ω1n,Mn) · · · − cof(ω1n,Mm)
...
. . .
...
...
...
. . .
...
0 · · · M ... − cof(ωn−1n ,Mn) · · · − cof(ωn−1n ,Mm)
· · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · ·
∂Mn
∂x1
· · · ∂Mn
∂xn−1
...
∂Mn
∂xp
· · · ∂Mn
∂xm
...
. . .
...
...
...
. . .
...
∂Mm
∂x1
· · · ∂Mm
∂xn−1
...
∂Mm
∂xp
· · · ∂Mm
∂xm


.
that still has maximal rank. Let us denote the first n − 1 row vectors of Matrix
(27) by L′′j , for j = 1, . . . , n − 1, and let us consider the following expression for
j = n, . . . ,m,
ML′j −
n−1∑
k=1
∂Mj
∂xk
L′′k
= M
(
∂Mj
∂x1
, . . . ,
∂Mj
∂xn−1
,
∂Mj
∂xn
, . . . ,
∂Mj
∂xm
)
+
(
−M
∂Mj
∂x1
, . . . ,−M
∂Mj
∂xn−1
,
n−1∑
k=1
∂Mj
∂xk
cof(ωkn,Mn), . . . ,
n−1∑
k=1
∂Mj
∂xk
cof(ωkn,Mm)
)
=
(
0, . . . , 0,
n−1∑
k=1
∂Mj
∂xk
cof(ωkn,Mn) +M
∂Mj
∂xn
, . . . ,
n−1∑
k=1
∂Mj
∂xk
cof(ωkn,Mm) +M
∂Mj
∂xm
)
.
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Note that M = cof(ωin,Mi), for i = n, . . . ,m, so that the expression
ML′j −
n−1∑
k=1
∂Mj
∂xk
L′′k
is equal to(
0, . . . , 0,
∑
k∈In
∂Mj
∂xk
cof(ωkn,Mn), . . . ,
∑
k∈Im
∂Mj
∂xk
cof(ωkn,Mm)
)
.
Thus, by Equation (24), we obtain
ML′j −
n−1∑
k=1
∂Mj
∂xk
L′′k = (0, . . . , 0,mnj, . . . ,mmj).
For j = n, . . . ,m, we replace the row L′j in Matrix (27) by
ML′j −
n−1∑
k=1
∂Mj
∂xk
L′′k,
such that the matrix obtained:
(28)


M · · · 0 ... − cof(ω1n,Mn) · · · − cof(ω1n,Mm)
...
. . .
...
...
...
. . .
...
0 · · · M ... − cof(ωn−1n ,Mn) · · · − cof(ωn−1n ,Mm)
· · · · · · · · · ... · · · · · · · · · · · · · · · · · · · · ·
...
O(n−1)
... (−M′)t
...


also is non-singular. So, since M 6= 0, we have that detM′ 6= 0.
Thus, we can conclude that Matrix (22) is non-singular if and only if Matrix (23)
is non-singular, which occurs if and only if
det

 dxξ1(p)...
dxξm(p)

 6= 0.
Therefore, p will be a non-degenerate zero of ξ|Σ1(ω) if and only if p is a non-
degenerate zero of ξ. 
Lemma 4.10. Let p ∈ Ak+1(ω) be a zero of ξ|
Σk+1(ω)
. Then, for almost every
a ∈ Rn \ {~0}, p is a non-degenerate zero of ξ|
Σk+1(ω)
if and only if p is a non-
degenerate zero of ξ|
Σk(ω)
.
Proof. Let p ∈ Ak+1(ω) be a zero of ξ|
Σk+1(ω)
and let U ⊂M be an open neighbor-
hood of p at whichM(x) 6= 0 and the singular sets Σk(ω) (k = 2, . . . , n) are defined
by U ∩ Σk(ω) = {x ∈ U : Mn(x) = . . . =Mm(x) = ∆2(x) = . . . = ∆k(x) = 0}. By
Szafraniec’s characterization ([16, p. 196]), p is a zero of the restriction ξ|
Σk+1(ω)
if and only if there exists an unique (λn, . . . , λm, β2, . . . , βk+1) ∈ Rm−n+k+1 such
that
ξ(p) +
m∑
j=n
λidMi(p) +
k+1∑
j=2
βjd∆j(p) = 0.
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Since p is a zero of ξ|
Σk(ω)
, we have βk+1 = 0. Moreover, also by Szafraniec’s
characterization, p is a non-degenerate zero of ξ|
Σk+1(ω)
if and only if the determinant
of the following matrix does not vanish at p:
(29)


Jacx

ξ + m∑
i=n
λidMi +
k∑
j=2
βjd∆j


...
∂Mn
∂x1
· · ·
∂Mm
∂x1
∂∆2
∂x1
· · ·
∂∆k
∂x1
∂∆k+1
∂x1
...
...
. . .
...
...
. . .
...
...
...
∂Mn
∂xm
· · ·
∂Mm
∂xm
∂∆2
∂xm
· · ·
∂∆k
∂xm
∂∆k+1
∂xm
· · · · · · · · · · · · · · · · · · · · · · · ·
... · · · · · · · · · · · · · · · · · · · · · · · · · · ·
dxMn
...
...
...
dxMm
...
dx∆2
... O(m−n+k+1)
...
...
dx∆k+1
...


.
Analogously, p is a non-degenerate zero of ξ|
Σk(ω)
if and only if the determinant
of the following matrix does not vanish at p:
(30)


...
∂Mn
∂x1
· · ·
∂Mm
∂x1
∂∆2
∂x1
· · ·
∂∆k
∂x1
Jacx

ξ + m∑
i=n
λidMi +
k∑
j=2
βjd∆j

 ... ... . . . ... ... . . . ...
...
∂Mn
∂xm
· · ·
∂Mm
∂xm
∂∆2
∂xm
· · ·
∂∆k
∂xm
· · · · · · · · · · · · · · · · · · · · · · · ·
... · · · · · · · · · · · · · · · · · · · · ·
dxMn
...
...
...
dxMm
...
dx∆2
... O(m−n+k)
...
...
dx∆k
...


.
Thus, to prove the lemma it is enough to show that the Matrix (29) is non-singular
at p if and only if the Matrix (30) is non-singular at p.
Note that the Jacobian matrix with respect to x
(31) Jacx

ξ + m∑
i=n
λidMi +
k∑
j=2
βjd∆j


is a submatrix of both the Matrices (29) and (30). And remember that, for x in an
open neighborhood of p, ∆k+1 = det(dMn, . . . , dMm, d∆2, . . . , d∆k,Ω1, . . . ,Ωn−k),
where {Ω1(x), . . . ,Ωn−k(x)} is a basis of a vector subspace supplementary to
〈ω¯(x)〉 ∩N∗xΣk−1(ω) in 〈ω¯(x)〉. Thus,
〈ω¯(x)〉 = 〈Ω1(x), . . . ,Ωn−k(x)〉 ⊕ (〈ω¯(x)〉 ∩N∗xΣk−1(ω)).
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Since, for almost every a, ξ|
Σk−1(ω)
(p) 6= 0 then ξ(p) ∈ 〈ω¯(p)〉\N∗pΣk−1(ω). That
is, there exists (µ1, . . . , µn−k) ∈ Rn−k \ {~0} so that
ξ(p) =
n−k∑
i=1
µiΩi(p) + ϕ(p),
for some ϕ(p) ∈ N∗pΣk−1(ω), where ϕ(p) =
m∑
i=n
λ˜idMi(p) +
k−1∑
j=2
β˜jd∆j(p). Thus,
(32) ξ(p) =
n−k∑
i=1
µiΩi(p) +
m∑
i=n
λ˜idMi(p) +
k−1∑
j=2
β˜jd∆j(p),
and the expression
ξ(p) +
m∑
j=n
λidMi(p) +
k∑
j=2
βjd∆j(p)
can be written as:
(33)
n−k∑
i=1
µiΩi(p) +
m∑
i=n
(λi + λ˜i)dMi(p) +
k−1∑
j=2
(βj + β˜j)d∆j(p) + βkd∆k(p).
Let us consider the mapping
H(x) =
n−k∑
i=1
µiΩi(x) +
m∑
i=n
(λi + λ˜i)dMi(x) +
k−1∑
j=2
(βj + β˜j)d∆j(x) + βkd∆k(x),
defined on an open neighborhood U ⊂M of p, which is equal to
n−k∑
i=1
µi

 Ω
1
i
...
Ωmi

+ m∑
i=n
(λi + λ˜i)


∂Mi
∂x1
...
∂Mi
∂xm

+
k−1∑
j=2
(βj + β˜j)


∂∆j
∂x1
...
∂∆j
∂xm

+ βk


∂∆k
∂x1
...
∂∆k
∂xm


and can be written as

n−k∑
i=1
µiΩ
1
i +
m∑
i=n
(λi + λ˜i)
∂Mi
∂x1
+
k−1∑
j=2
(βj + β˜j)
∂∆j
∂x1
+ βk
∂∆k
∂x1
...
n−k∑
i=1
µiΩ
m
i +
m∑
i=n
(λi + λ˜i)
∂Mi
∂xm
+
k−1∑
j=2
(βj + β˜j)
∂∆j
∂xm
+ βk
∂∆k
∂xm


.
Then, the Jacobian matrix of H(x) is given by:
(34)


n−k∑
i=1
µidxΩ
1
i +
m∑
i=n
(λi + λ˜i)dx
∂Mi
∂x1
+
k−1∑
j=2
(βj + β˜j)dx
∂∆j
∂x1
+ βkdx
∂∆k
∂x1
...
n−k∑
i=1
µidxΩ
m
i +
m∑
i=n
(λi + λ˜i)dx
∂Mi
∂xm
+
k−1∑
j=2
(βj + β˜j)dx
∂∆j
∂xm
+ βkdx
∂∆k
∂xm


.
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To apply the Lemma 4.1, fix the notation: Ai(x) = (a1i(x), . . . , ami(x)), such
that
Ai(x) :=
{
Ωi(x), i = 1, . . . , n− k;
dMi(x), i = n, . . . ,m;
An−k+j−1(x) := d∆j(x), j = 2, . . . , k;
αi :=
{
µi, i = 1, . . . , n− k; (we can suppose α1 6= 0, since ξ(p) 6= ϕ(p))
(λi + λ˜i), i = n, . . . ,m;
αn−k+j−1 := (βj + β˜j), j = 2, . . . , k; (β˜k = 0).
Since ξ(p) +
m∑
j=n
λidMi(p) +
k+1∑
j=2
βjd∆j(p) = 0, by Expression (33) we have
m∑
i=1
αiAi(p) = 0.
That is,
m∑
i=1
αiaji(p) = 0, ∀j = 1, . . . ,m.
Then, applying Lemma 4.1 we know that
(35) α1 cof(aik(p))− αk cof(ai1(p)) = 0, ∀i, k = 1, . . .m.
We also have that
∆k+1 = det (dMn, . . . , dMm, d∆2, . . . , d∆k,Ω1, . . . ,Ωn−k)
= det (An, . . . , Am, An−k+1, . . . , An−1, A1, . . . , An−k)
= (−1)ε det (A1, . . . , Am)
where ε is either equal to zero or equal to 1, depending on the number of required
permutations between the column vectors of the matrix
(An, . . . , Am, An−k+1, . . . , An−1, A1, . . . , An−k)
in order to obtain the matrix (A1, . . . , Am). Thus,
(−1)εd∆k+1 =
m∑
i,j=1
cof(aij)daij
=
m∑
i=1

cof(ai1)dai1 + m∑
j=2
cof(aij)daij


α1 6=0
=
m∑
i=1

cof(ai1)dai1 + m∑
j=2
αj
α1
cof(ai1)daij


which implies that, for each x ∈ U
(36)
(−1)εα1d∆k+1 =
m∑
i=1

α1 cof(ai1)dai1 + m∑
j=2
αj cof(ai1)daij


=
m∑
i=1
cof(ai1)

 m∑
j=1
αjdaij


=
m∑
i=1
cof(ai1)Li
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where Li, i = 1, . . . ,m, denote the rows of the Jacobian matrix (34). If we denote
by L˜i, i = 1, . . . ,m, the row vectors of Jacobian matrix (31) at p, then we can verify
that
(37)
m∑
i=1
cof(ai1)Li =
m∑
i=1
cof(ai1)L˜i
Let us denote the first m row vectors of Matrix (29) by Li, i = 1, . . . ,m, and its
last row vector by L∆k+1. Based on Expressions (36) at p and (37), we replace the
row vector L∆k+1 by
(38) (−1)εα1L∆k+1 −
m∑
i=1
cof(ai1)Li,
in order to obtain a new last row vector given by
L∆k+1 := (0, . . . , 0︸ ︷︷ ︸
m
, γn, . . . , γm, γ˜2, . . . , γ˜k, ˜γk+1),
where
γj = −
m∑
i=1
cof(ai1)
∂Mj
∂xi
, ∀j = n, . . . ,m;
γ˜j = −
m∑
i=1
cof(ai1)
∂∆j
∂xi
, ∀j = 2, . . . , k + 1.
Note that, for j = n, . . . ,m,
γj = −
m∑
i=1
cof(ai1)
∂Mj
∂xi
= −
∣∣∣∣∣∣∣∣∣∣∣
∂Mj
∂x1
a12 · · · a1m
...
...
. . .
...
∂Mj
∂xm
am2 · · · amm
∣∣∣∣∣∣∣∣∣∣∣
⇒ γj = − det (Aj , A2, . . . , Am) = 0.
For j = 2, . . . , k,
γ˜j = −
m∑
i=1
cof(ai1)
∂∆j
∂xi
= −
∣∣∣∣∣∣∣∣∣∣∣
∂∆j
∂x1
a12 · · · a1m
...
...
. . .
...
∂∆j
∂xm
am2 · · · amm
∣∣∣∣∣∣∣∣∣∣∣
⇒ γ˜j = − det (An−k+j−1, A2, . . . , Am) = 0.
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Therefore, after replacing the vector row L∆k+1 in the Matrix (29), we obtain
(39)


...
∂Mn
∂x1
· · ·
∂Mm
∂x1
∂∆2
∂x1
· · ·
∂∆k
∂x1
...
∂∆k+1
∂x1
Jac

ξ + m∑
i=n
λidMi +
k∑
j=2
βjd∆j

 ... ... . . . ... ... . . . ... ... ...
...
∂Mn
∂xm
· · ·
∂Mm
∂xm
∂∆2
∂xm
· · ·
∂∆k
∂xm
...
∂∆k+1
∂xm
· · · · · · · · · · · · · · · · · · · · · · · ·
... · · · · · · · · · · · · · · · · · · · · ·
... · · · · · ·
dxMn
...
... 0
...
...
...
...
dxMm
...
... 0
dx∆2
... O(m−n+k−1)
... 0
...
...
...
...
dx∆k
...
... 0
· · · · · · · · · · · · · · · · · · · · · · · ·
... · · · · · · · · · · · · · · · · · · · · ·
... · · · · · ·
~0
... ~0
... ˜γk+1


.
Let us show that ˜γk+1(p) 6= 0. We have
˜γk+1 = −
m∑
i=1
cof(ai1)
∂∆k+1
∂xi
= − det(d∆k+1, A2, . . . , Am)
= − det(d∆k+1,Ω2, . . . ,Ωn−k, d∆2, . . . , d∆k, dMn, . . . , dMm).
Suppose that ˜γk+1 = 0. Since each one of the sets {Ω2(p), . . . ,Ωn−k(p)} and
{d∆k+1(p), d∆2(p), . . . , d∆k(p), dMn(p), . . . , dMm(p)} consist of linearly indepen-
dent vectors, there exists j ∈ {2, . . . , n− k} such that Ωj(p) ∈ N∗pΣk+1(ω). We can
suppose that without loss of generality that j = n− k, that is,
Ωn−k(p) ∈ N∗pΣk+1(ω) = 〈dMn, . . . , dMm, d∆2, . . . , d∆k, d∆k+1〉.
Since ξ|
Σk+1
(p) = 0, we have ξ(p) ∈ N∗pΣk+1(ω). Thus, by Equation (32), we obtain
n−k∑
i=1
µiΩi +
m∑
i=n
λ˜idMi +
k−1∑
j=2
β˜jd∆j
︸ ︷︷ ︸
∈N∗pΣ
k+1(ω)
∈ N∗pΣk+1(ω)
⇒
n−k−1∑
i=1
µiΩi =
n−k∑
i=1
µiΩi − µn−kΩn−k ∈ N∗pΣk+1(ω).
Therefore,
n−k−1∑
i=1
µiΩi and µn−kΩn−k are linearly independent vectors in the vector
subspace 〈Ω1, . . . ,Ωn−k〉 ∩N∗pΣk+1(ω). That is,
dim
(〈Ω1(p), . . . ,Ωn−k(p)〉 ∩N∗pΣk+1(ω)) ≥ 2.
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Since 〈ω¯〉 = 〈Ω1, . . . ,Ωn−k〉 ⊕
(〈ω¯〉 ∩N∗pΣk−1(ω)) , we have
〈ω¯〉 ∩N∗pΣk+1(ω) = 〈Ω1, . . . ,Ωn−k〉 ∩N∗pΣk+1(ω)
⊕ 〈ω¯〉 ∩N∗pΣk−1(ω).
That is,
dim
(〈ω¯(p)〉 ∩N∗pΣk+1(ω)) ≥ 2 + (k − 1) = k + 1,
which means that p ∈ Σk+2(ω). But this is a contradiction, since p ∈ Ak+1(ω) by
hypothesis and Σk+2(ω) = Σk+1(ω) \Ak+1(ω). Therefore ˜γk+1(p) 6= 0.
Thus, we conclude that the Matrix (29) is non-singular at p if and only if the
Matrix (39) is non-singular at p, which occurs if and only if the Matrix (30) is
non-singular at the point p. 
Lemma 4.11. For almost every a ∈ Rn \ {~0}, if p ∈ An(ω) then p is a non-
degenerate zero of ξ|Σn−1(ω) .
Proof. We know that if p ∈ An(ω) then ξ|Σn−1(ω)(p) = 0. By Szafraniec’s charac-
terization [17, p.149-151], p is a non-degenerate zero of ξ|Σn−1(ω) if and only if the
following conditions hold:
(i) ∆(p) = det(dMn, . . . , dMm, d∆2, . . . , d∆n−1, ξ)(p) = 0;
(ii) det(dMn, . . . , dMm, d∆2, . . . , d∆n−1, d∆)(p) 6= 0.
Condition (i) is clearly satisfied, since ξ|Σn−1(ω)(p) = 0. Let us verify that condition
(ii) also holds.
For each x ∈ Σn−1(ω) in an open neighborhood U ⊂ M of p, let {Ω′(x)} be a
smooth basis for a vector subspace supplementary to 〈ω¯(x)〉 ∩ N∗xΣn−2(ω) in the
vector space 〈ω¯(x)〉. Since ξ(x) ∈ 〈ω¯(x)〉, we have
ξ(x) = λ(x)Ω′(x) + ϕ(x),
where λ(x) ∈ R and ϕ(x) ∈ 〈ω¯(x)〉 ∩N∗xΣn−2(ω), ∀x ∈ U ∩ Σn−1(ω).
In particular, if x ∈ An(ω), we know that, for almost every a ∈ Rn \ {~0},
ξ|Σn−2(ω)(x) 6= 0 and, consequently, ξ(x) /∈ N∗xΣn−2(ω). Thus λ(p) 6= 0. For all
x ∈ U ∩ Σn−1(ω), we obtain
∆(x) = det(dMn, . . . , dMm, d∆2, . . . , d∆n−1, λΩ
′ + ϕ)(x)
= λ(x) det(dMn, . . . , dMm, d∆2, . . . , d∆n−1,Ω
′)(x)
= λ(x)∆n(x),
with ∆n(p) = 0 and λ(p) 6= 0. Then, by Lemma 2.8 we have
〈dMn(p), . . . , dMm(p), d∆2(p), . . . , d∆n−1(p), d∆(p)〉
= 〈dMn(p), . . . , dMm(p), d∆2(p), . . . , d∆n−1(p), d(λ∆n)(p)〉.
However, d(λ∆n)(x) = dλ(x)∆n(x) + λ(x)d∆n(x), ∆n(p) = 0 and λ(p) 6= 0. Thus,
〈dMn(p), . . . , dMm(p), d∆2(p), . . . , d∆n−1(p), d∆(p)〉
= 〈dMn(p), . . . , dMm(p), d∆2(p), . . . , d∆n−1(p), d∆n(p)〉.
Therefore, det(dMn(p), . . . , dMm(p), d∆2(p), . . . , d∆n−1(p), d∆(p)) 6= 0. 
Lemma 4.12. For almost every a ∈ Rn \ {~0}, the 1-form ξ|
Σk(ω)
admits only non-
degenerate zeros, k ≥ 1.
Proof. Suppose that ξ|
Σk(ω)
(p) = 0. Then, for almost every a ∈ Rn \ {~0}, p ∈
Ak(ω) ∪ Ak+1(ω) since Z(ξ|
Σk(ω)
) ∩ Σk+2(ω) = ∅ by Lemma 3.6 and Σk(ω) =
Ak(ω) ∪ Ak+1(ω) ∪ Σk+2(ω).
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If p ∈ Ak(ω) then ξ|Ak(ω)(p) = 0. Since ξ|Ak(ω) admits only non-degenerate zeros
and Ak(ω) ⊂ Σk(ω) is a open subset, we conclude that p is a non-degenerate zero
of ξ|
Σk(ω)
.
If p ∈ Ak+1(ω) and k < n − 1 then ξ|
Σk+1(ω)
(p) = 0. In particular, since
Ak+1(ω) ⊂ Σk+1(ω) is an open subset then ξ|Ak+1(ω)(p) = 0. By Lemmas 4.8
and 4.7, ξ|Ak+1(ω) admits only non-degenerate zeros, and since Ak+1(ω) is an open
set of Σk+1(ω), we conclude that p is a non-degenerate zero of ξ|
Σk+1(ω)
. There-
fore, by Lemma 4.10, p is non-degenerate zero of ξ|
Σk(ω)
. Finally, if p ∈ An(ω), by
Lemma 4.11, p is a non-degenerate zero of ξ|Σn−1(ω) .

Theorem 4.1. Let ω = (ω1, . . . , ωn) be a Morin n-coframe defined on an m-
dimensional compact manifold M . Then,
χ(M) ≡
n∑
k=1
χ(Ak(ω)) mod 2.
Proof. Let us denote by Z(ϕ) the set of zeros of a 1-form ϕ and let us denote by
#Z(ϕ) the number of elements of this set, whenever Z(ϕ) is finite. Let
ξ(x) =
n∑
i=1
aiωi(x)
be a 1-form with a = (a1, . . . , an) ∈ Rn \ {~0} satisfying the generic conditions of
the previous lemmas of Sections 3 and 4.
Since M is compact and the submanifolds Σk(ω) are closed in M , by the
Poincaré-Hopf Theorem for 1-forms we obtain
• χ(M) ≡ #Z(ξ) mod 2;
• χ(Ak(ω)) = χ(Σk(ω)) ≡ #Z(ξ|
Σk(ω)
) mod 2, for k = 1, . . . , n− 1;
• χ(An(ω)) = χ(Σn(ω)) ≡ #Z(ξ|Σn(ω)) mod 2.
By Lemma 3.1, if p ∈ Z(ξ) then p ∈ Σ1(ω) and ξ|Σ1(ω)(p) = 0. Moreover, by
Lemma 3.5, Z(ξ) ∩ Σ2(ω) = ∅. Thus p ∈ A1(ω). On the other hand, Lemma 3.2
shows that if p ∈ Z(ξ|Σ1(ω)) ∩ A1(ω) then p is also a zero of the 1-form ξ. Thus,
#Z(ξ) ≡ #Z(ξ|Σ1(ω) ∩ A1(ω)) mod 2.
By Lemma 3.6, if p ∈ Z(ξ|
Σk(ω)
) then p /∈ Σk+2(ω). Thus, p ∈ Ak(ω) ∪ Ak+1(ω)
and, for k = 1, . . . , n− 1, we have
#Z(ξ|
Σk(ω)
) ≡ #Z(ξ|
Σk(ω)
∩ Ak(ω)) + #Z(ξ|
Σk(ω)
∩ Ak+1(ω)) mod 2.
By Lemma 3.2, we also have
#Z(ξ|
Σk(ω)
∩ Ak+1(ω)) = #Z(ξ|
Σk+1(ω)
∩ Ak+1(ω))
and by Lemma 3.3,
#An(ω) = #Z(ξ|Σn−1(ω) ∩An(ω)).
Then,
• χ(M) ≡ #Z(ξ|Σ1(ω) ∩ A1(ω)) mod 2;
• For k = 1, . . . , n− 1,
χ(Ak(ω)) ≡ #Z(ξ|
Σk(ω)
∩ Ak(ω)) + #Z(ξ|
Σk+1(ω)
∩ Ak+1(ω)) mod 2;
• χ(An(ω)) = #Z(ξ|Σn−1(ω) ∩ An(ω)).
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Therefore,
χ(M) +
n∑
k=1
χ(Ak(ω)) ≡ 2#Z(ξ|Σ1(ω) ∩ A1(ω))
+ 2#Z(ξ|Σ2(ω) ∩ A2(ω)) + . . .
+ 2#Z(ξ|Σn−1(ω) ∩ An−1(ω))
+ 2#Z(ξ|Σn−1(ω) ∩ An(ω)) mod 2
≡ 0 mod 2.

As for the definition of Morin n-coframes, the results presented in Sections 3
and 4 of this paper also can be naturally adapted to the context of n-frames. In
particular, the main theorems that have been used, as the Poincaré-Hopf Theorem
and the Szafraniec’s characterization, have their respective versions for vector fields.
Finally, we end the paper with a very simple example. Let us verify that Theorem
4.1 indeed holds for the Morin 2-frame V = (V1, V2) presented in the Example 2.5.
To do this, it is enough to see that the torus T is a compact manifold with χ(T) = 0.
Moreover, A1(V ) = Σ1(V ) is given by two circles in R3 and A2(V ) consists of four
points, so that χ(A1(V )) = 0 and χ(A2(V )) = 4. Therefore,
χ(T) ≡ χ(A1(V )) + χ(A2(V )) mod 2.
References
[1] Yoshifumi Ando. On local structures of the singularities Ak Dk and Ek of smooth maps.
Trans. Amer. Math. Soc., 331(2):639–651, 1992.
[2] Nicolas Dutertre and Toshizumi Fukui. On the topology of stable maps. J. Math. Soc. Japan,
66(1):161–203, 2014.
[3] Ja M Èliašberg. On singularities of folding type. Mathematics of the USSR-Izvestiya,
4(5):1119, 1970.
[4] Takuo Fukuda. Topology of folds, cusps and Morin singularities. In A fête of topology, pages
331–353. Academic Press, Boston, MA, 1988.
[5] Kazumasa Inaba, Masaharu Ishikawa, Masayuki Kawashima, and Tat Thang Nguyen. On
linear deformations of Brieskorn singularities of two variables into generic maps. ArXiv e-
prints, November 2014.
[6] Boldizsár Kalmár and Tamás Terpai. Characteristic classes and existence of singular maps.
Trans. Amer. Math. Soc., 364(7):3751–3779, 2012.
[7] Bernard Morin. Formes canoniques des singularités d’une application différentiable. Comptes
Rendus Hebdomadaires des séances de l’Académie des Sciences, 260(25):6503–6506, 1965.
[8] J. R. Quine. A global theorem for singularities of maps between oriented 2-manifolds. Trans.
Amer. Math. Soc., 236:307–314, 1978.
[9] Camila M. Ruiz. A new proof of a theorem of Dutertre and Fukui on Morin singularities.
ArXiv e-prints, February 2016.
[10] Osamu Saeki. Studying the topology of Morin singularities from a global viewpoint. Math.
Proc. Cambridge Philos. Soc., 117(2):223–235, 1995.
[11] Osamu Saeki and Kazuhiro Sakuma. Maps with only Morin singularities and the Hopf in-
variant one problem. Math. Proc. Cambridge Philos. Soc., 124(3):501–511, 1998.
[12] Kentaro Saji. Criteria for Morin singularities into higher dimensions. ArXiv e-prints, Decem-
ber 2014.
[13] Kentaro Saji. Criteria for Morin singularities for maps into lower dimensions, and applications.
ArXiv e-prints, October 2015.
[14] Kentaro Saji. Isotopy of Morin singularities. ArXiv e-prints, October 2015.
[15] Endre Szabó, András Szűcs, and Tamás Terpai. On bordism and cobordism groups of Morin
maps. J. Singul., 1:134–145, 2010.
[16] Zbigniew Szafraniec. The Euler characteristic of algebraic complete intersections. J. Reine
Angew. Math., 397:194–201, 1989.
40 CAMILA M. RUIZ
[17] Zbigniew Szafraniec. A formula for the Euler characteristic of a real algebraic manifold.
Manuscripta Math., 85(3-4):345–360, 1994.
[18] András Szücs. On the cobordism groups of cooriented, codimension one Morin maps. J.
Singul., 4:196–205, 2012.
Universidade de São Paulo, Instituto de Ciências Matemática e de Computação,
Avenida Trabalhador São-carlense, 400 - Centro, CEP: 13566-590 - São Carlos -
SP, Brasil
E-mail address: cmruiz@icmc.usp.br
